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1. Introduction

The program of research under Contract N0O0014-79-C-0419 has been directed
to acquiring fundamental understanding in an accurate quantitative sense of the
generalion, propagation, and reception of eleciromagnetic signals—bcth continuous
waves and pulses—in and near the sea fioor. Of primary interest are the determi-
nation of the conductivity (resistivity) and permittivity since these are related to
basic mechanical-acoustical properties. Definitive advances have been made on {1)
the design of scurces (horizontal and vertical antennas) for use on and near the sea
floor cver & wide range of frequencies; (2) the derivation of simple and accurate new
formulas for the complete continuous-wave electromagnetic fields both in the sea
and in the oceanic crust when this is isotropic or one dimensionally anisctropic, and
when there is a layer of sediment with arbitrary thickness; (3) the determination of
the effect of irregularities in the form of vertical discontinuities along the boundary
surface; (4) the direct application of the new formulas to measurements in a model
tank and to data measured on the sea floor as reported by geophysicists; a.d (5)
the derivation of new formulas for the propagaticn of single electromagnetic pulses

2long boundary surfaces.

2. Basic Principles Underlying the Besearch Program

The investigation of the properties of electromagnetic waves propagating in the
presence of the sea floor has been three-pronged: (1) The exact integrals for the
components of the eleciromagnetic field have been evaluated by numerical methods
with the computer in their generai form. The low-frequency forms ised by geophysi-
cists in which we is assumed to be cmali compared with o are contained as a special
case. This allows the correct inclusio. of the air-sea boundary whenever this is also
involved. (2) The general integrals have been integrated analytically subject to sim-
ple conditions that are fully satisfied in virtually all practical applications. The quite
simple integratcd expressions bave been compared with the numerical calculations
and with expcriment. They have then been applied to reveal the basic properties of

the surface waves, their depth of penetration, and their independence of frequency
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and skin depth. {3} & systematic series of measurements has been carried out in &
model tank te obtain direct information on the generation, propagation, scattering
and detection of suriace waves. Siace both the theory and the measurements deal
with the general formulas—not restricted by the usual geophysical liritation to
very low frequencies—a complete, generally significant, and quantitatively accurate
picture has been obtained of the properties of electromagnetic waves in the presence

of a boundary.
3. Brief Review of Completed Researches

A. Building the Theoretical and Experimental Foundations

The work began with a systematic numerical evaluation of the general integrals
for the dominant radial component of the electric field excited by a horizontal
electric dipole in the sea close to the sea floor for a wide range of parameters [1].
These exhibited in graphical form the important characteristics of the field as a
function of distance, frequency, conductivity and permittivity.

A highly significant advance was contained in a series of three papers [2]-[4]
which provided new simple formuias for the complete electromagnetic field gener-
ated by a horizontal electric dipole near a plane boundary. This was supplemented
by a parallel derivation [5] of the complete field of a vertical electric dipole near a
plane boundary. It was shown for the first time that the interaction of the surface
wave with the direct wave generates a startling interference pattern [2].

The first report on extensive experimental results obtained with the newly
developed apparatus in the model tank is in [6]. This describes the apparatus, the
newly designed traveling-wave antennas, measured field patterns, and a comparison
of theoretical and measured amplitudes of the radial electric field. Also presented
are detailed studies of the effects on the propagation of lateral waves of variously
shaped and sized obstacles.

Detailed theoretical and experimental investigations of the reflection of lateral
electromagnetic waves at discontinuities and boundaries along the surfaces are con-

tained in [7] and [8]. These show that reflections are surprisingly small when the
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obstacle is lower than about a sixth of a wavelength. A study of the significance of

atmospheric noise in relation to lateral electromagnetic waves is in [9].

B. Practical Applications of Lateral Electromagnetic Waves

A detailed summary of the properties of lateral electromagnetic waves as re-
vealed by the new, explicit and general formulas is contained in [10] tegether with
a quantitative representation of their application to the important problem of com-
munication with submerged submarines using electrically short vertical dipoles in
air (Cutler, ME antenna) and a directive array of horizontal insulated traveling-
wave antennas in the sea. Optimum frequencies are determined as a function of the
depth of the submarine.

A second important application of laterai electromagnetic waves generated by
a ucrizontal dirole on the air-earth or air-sea surface is the detection and locating
of buried or submerged objects by measuring the scattered field from the object
whe., it is excited by an incident Jateral wave. A compiete quantitative analysis of
this problem is contained in {11] and {12].

A ctudy of major significance to geophysicists is the use of the lateral electro-
magnetic waves excited by a horizontal antenna on the sea floor to determine the
electrical yroperties of the sea floor. The new analytical founaations for the solution
of this prolism are outiined in [13], and applied directly to measurements by Young
and Cox [14). The new formulas for a simple sea-rock mode! suggested that the
observed field might well be due to an anisotropic upper layer and not to 8 layers to
a depth of 33 km as concluded by Young and Cox. This possibil'ty required a rig-
orous analysis of the lateral-wave field on the sea-oceanic crust boundary when the
latter is one-dimensionally anisotropic in conductivity. It was feund [15] that the
anisotropic two-Lalf-space model yields a better fit with the measured fields than
the best-fit, 8-layer model. It also provides a physically meaningful explanation for
the significant difference between the behavior as functio:s of the frequency of the
radial and transverse components of the measured electric field.

A summary paper [16] containing a complete set of formulas for all the com-
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ponents of the electromagnetic field generated by horizontal and vertical sources on
a plane boundary between electrically different half-spac:s has been published. A
review of applications is also included. A more detailed study of theoretical and

experimental aspects of measurements on the sea floor is in [17].

C. A New and Complete Understanding of the Properties of Lateral Waves

The new integrated formulas for the electromagnetic fields generated by hori-
zontal and vertical dipoles near a boundary between electrically different half-spaces
apply to the field in the ocean and along the boundary with air or the oceanic crust.
In order to really understand the nature of the surface wave that travels near the
boundary in the air or oceani: crust, it is necessary to Geterwnine the complete field
in the air and the oceanic crust at significant distances from the boundary. This
analysis is carried out in [18] for the horizontal dipole. By tracing the path of the
Poynting vector, a description is obtained for the path of the lateral wave in the air
when the source is near the 2i.-sea cr air—earth boundary and in the lithosphere
when the dipole is near the sea floor. In the low-frequency range for the oceanic
crust, the Cepih of penetration turns out to be independent of the frequency and
skin depth and to depend primarily on tke distance between the source and the re-
cervers. The greater the distance, the deeper the penetration into the oceanic crust.
Specifically, the maximum depth of penetration is z,, = p,,, \/5’1_/0':, where o, is the
conductivity of the lithosphere, v, the conductivity of the sea, and p,, is the radial
distance between the horizontal-dipole scurce and the receiver. This indicates that
lateral waves are uniquely adapted tu siudy the properties of the shallow oceanic
crust. It is also shown in [18] that the field observed at any given radial distance
from the source is determined largely by the lateral wave that travels in a thin
upper layer and only in a small degree by possiole reflections from layers at arbi-
trary depths below the surface. This is of great importance in constructing layercd
models of the lithosphere. Clearly, the major contribution to the field by the lateral

wave cannot be omitted and the entire field assumed to be due to reflections from

the layers.



-5

The analysis of the eleciromagnetic field in the air or oceanic crust due to
a vertical electric dipole in the sea is carried out in [19]. The path indicated by
the Poynting vector is somewhat different from that for the field generated by the
horizontal dipole with a greater—but still relatively small—depth of penetration.
Direct application of this basic contribution to the theory of lateral waves was made
in terms of the measured data of Edwards et al. [20]. The comparison [19] clearly
indicates that complete consideration of the lateral wave and reflected waves from
both the air surface and a rock layer beiow the sediment on the sea floor lead to
highly satisfactory results.

The extension of the new approach to the three-layer problem of ocean, sedi-

ment, rock has been completed both theoretically [21] and experimentally [22].

D. Sources fer the Generation of Lateral YWaves

Lateral electromagnetic waves cannot be generated by plane waves incident on
a piane boundary between electrically different half-spaces. They can be generated
by an incident spherical wave. The best sources are vertical dipoles in <he air over
the sea or earth (e.g., the Cutler, ME antenna) and horizontal antennas in the sea
near the air surface or near the sea floor. Vertical dipoles in the sea are nc’ as
effective, but can be used. The extensive study of the properties of lateral waves
has included a corresponding study of the design of source antennas cver the very
wide frequency range in which lateral waves have useful applications. This study
is sumrarized in [23] and [24]. Specifically included are the quite different designs
for antennas on the sea floor at f = 1 kHz and at very low frequencies of the order
of 1 Hz.
E. Lateral-Wave Pnlses: A Diagnostic Tool for the Future
The complete continuous-wave properties of lateral electromagnetic waves have
been determined analytically in 2 new, simple and practically accessible form. These
have been verified both numerically (2], (3], and experimentally [10], and applied
to gecphysically significant problems [10]-{13}, [15], {17]-[19]. Single electromag-

netic puises have very different properties from continuous waves. This is true both
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of direct-wave pulses and lateral-wave pulses. The electrical characteristics of the
medium in which they propagate affect the amplitude, width and shape of the pulse
and determine the velocity with which it propagates. It follows that these charac-
teristics can be deduced from the observed changes in the pulse as it progresses and
from its time of travel from source to observer. A single current pulse on a horizon-
tal dipole in the sea near the sea floor generates 2 lateral-wave pulse in the oceanic
ciust, a direct pulse in the sea. There is also a pulse with a spherical wave front that
travels downward into the oceanic crusi. This can be reflected successively from
the boundaries of layers if these exist. The reflected pulses and the lateral-wave
pulse all arrive at different times at o point of observation and can be analyzed
indi—idually. When combined with continuous-wave observations, the structure cf
the crust can be determined in an ur :mbiguous manner. A very narrow pulse may
propagate deep into the lithosphere because it does not involve the losses associated
with the relaxation of water.

A systematic start has been made in the experimental and theoretical study
of the generation and propagation of lateral electromagnetic pulses along bound-
aries between electrically different media. A terminated insulated antenna has been
designed and tested for launching a lateral el:ctromagnetic-field pulse. The prop-
agation of such a pulse along an air-water boundary has been studied in detail
in the model tank with various concentrations of salt in the water to adjust its
conductivity over a wide range. With iow conductivities, reflected pulses from the
floor of the tank are observed and readily separated from the lateral-wave puise
that travels in the air. Theoretically an exact solution has been obtained from the
general integrals for the field generated by a single current pulse in a vertical dipole
on the boundary between two dielectric half-spaces. This field is described in [25].
It consists of two pulses that travel with different velocities--the laterai-wave pulse
along the boundary in air, the direct-field pulse in the dielectric. A complete set
of approximate formulas for the field generated by a single current puise—delta-

function and Gaussian—in both vertical and horizontal dipoles has been obtaine:
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by Fou:ier transforming the approximate continuous-wave formulas [26]. A theo-
retical and experimental study of the field generated by a pulsed vertical monopcle
over salt water is in [27]. These studies lay the foundaticn for theoretical and ex-
perimental studies of the generation and propagation of puises along two media like
salt water over the sea floor.
4. Conclusion

The extensive research completed under Contracs NO0014-79-C-0419 has pro-
vided geophysicists with new, quantitatively accurate, and practicaliy useful knowl
edge for the expleration of the oceanic crust by way of itr electrical propertivs. The
unusual properties of Jateral electromagnetic waves and their rciation to space waves
reflected from layers in the lithosphere provide insights and tools that remain o
be explored and applied. With the completion of basic research on the continuous-
wave properties of electromagnetic waves near and along poundaries like the sea
floor, exciting new research on the properties and applications of lateral-wave and
space-wave electromagnetic puises has openad new and chzllenging possibilities for

geophysical exploration of the oceanic rrust.
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5. List of Equipment Purchased on Contract N00014-79-C-0419

The following pieces of egnipment were purchased with funds provided by ONR
Contract N00014-79-C-0419 during its nine years of activity. In accordance with
the terms of Contract N00014-79-C-0419, title to thece items of equipment is vested

in Harvard University.

1 - Wavetek Model 184 5-MHz Sweep Generator $784.53
1 - Digital Video Terminal VT100 & Printer Terminal L,A120 $3,500.00
2 — Data Frecision Corp. Digital Voltmeters $1,497.05
1 - Hewlett Packard Model 7225A Graphic Plotter 82,208.50
1 - Epson Model MX-80 F/T Printer with IEEE488 Interface $655.00
i ~ Tektronix Model WP2110 Digitizer with Option 2 $51,186.19
1 - AvTech Electrosystems Model AVL-2 Pulse Generator $1,718.00

1 ~ Hew!ett Packard Model 8447F RF Amplifier $1,875.00
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Lateral-Wave Propagation of Electromagnetic
Weaves in the Lithosphere

RONOLD W. P. KING, FeLLow, 1EEE, JOSEPH T. pEBETTENCOURT, FELLOW, IEEE,
AND BARBARA H. SANDLER

Abstract-The possibility of lateral-wave propagation of electromag:
netic waves between horizontal electric dipoles near the floor of the
ocean is reviewed. The general exact integrals for the radial electric
field, which is the most useful component for lateral-wave transmis-
sion, are evaluated nuinerically for a range of possible corductivities
of the lithospheric rock. Graphs and contour diagrams are shown and
discussed for frequencies from 10 Hz to 1 GHz and radial distances
from 0.1 to 100 km. Conditions under which very low frequencies
provide the greatest range are definied, and also conditions under wuch
a high-frequency window is available that offers by far the greatest
radial range.

[. INTRODUCTION

HE possibihty of a waveguide-like propagation of electro-

magnetic waves In the earth’s Ithosphere has been studied
extensively [1]-[7} n terms of theoretical models that are
tdealizations of the earth’s crust, as represented for example,
by Levin [3}, and shown in Fig | Such'idealizations usually
consist of {1) a planar slab of a delectric with low conductiv-
1ty to represent a gramtc or basaltic hthosphere (2)an upper.
more highly conducting layer to correspond to the overburden
or the ocean, and (3) a lower, also lughly conducting region 1o
represent the mantle. Refinements inc.ude the air and the ion-
osphere above the overburden and ocean, as shown in Fig. 2,
but their inclusion usually has an insigmificant effect.

The excitation of electromagnetic waves in the slab of dielec-
tric and their reception at distant points have taken several
forms. The most commonly used source 1s a vertical antenna
in a borehole that extends close to or nto the rock layer
Wait [5] states that if the vertical antenna does not extend
nto the rock or very close to 1t, adequate excitatron does not
occur. He suggests ([S], p. 923) that “every effort should be
made to locate both the vertical source dipole and the point
of observation within the wavegwide. Otherwise, some other
mechanism of excitasion should be used, such as a honzontal
electnc dipole.” The importance of this suggestion was con-
firmed theoretically by Frieman and Kroll [8] who studied
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excitation by both verucal and horizontal electnic dipoles on
the ocean floor using the model shown n Fig 2 Therr con-
clusion 1s that “the honzontal electric dipole proves to be
more nteresting,” and “permits the uuhzation of much
larger antennas and hence more efficient antenna design ”
They suggest that “‘a honzontal electric dipole 1s far superior
to a vertical electric dipole.”

The method of aralysis used by Frieman and Kroll {8] re-
sembles that of Wait [5] and others i that the relevant wave.
guide modes are deterrmned. Their study of the propagation
charactenistics of the several modes indicates that for hori-
zontal transmitting and receiving antennas on the ocean floor,
the field “should be very similar to that of horizontal dipole
excitation near the plane boundary of rwo semi-infinite con-
ducting media.” It 1s well known from the work of Baiios
[9], King and Sandler [10], and others, that transmission
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Fig. 3. Schematic diagram of a ray in lateral-wave transmission and
its relation to the mathematical representation® exp {-{azp +a;(d +
2)) Yexp {i[B20 +81(d +2)] }.

along an air-sea interface is primarily by so-called iuteral
waves. This conclusion 1s confirmed by Bubenik and F-sver-
Smith’s [11] analysis of the field of a vertical magnetic drpole
located in sea water midway between the air abov: and the sea
floor below. Their comparison of the contributions to the
total field by direct transmission through the sea as if thus
were unbounded with those by air-surface and sea-floor
lateral-wave modes shows that for a dipole near the air sur-
face, the air-surface mode dominates, for a dipole near the
sea floor, the sea-floor mode dominates. This latter 1s dlus-
trated schematically in Fig. 3 where a lateral ray 1s traced.
Since a vertical magnetic dipole 1s equivalent to four hor-
zontal electric dipoles ar-anged in a square, 1ts field 15 a super-
position of the fields of the four dipoles, each like the field of
a single horizontal electric dipole. The supenimposed fields of
the very closely spaced dipoles suffer from : large reduction
due to cancellation, but the essential nature of the field with
respeci 10 its modal structure is not changed. Therefore, when
the sea-floor lateral-wave mode domimates for a vertical mag-
netic dipole, it aiso does for a horizontal electric dipole at the
same location.

Il. LATERAL-WAVE PROPAGATION ALONG
THE LITHOSPHERE-OCEAN BOUNDARY

Comprehensive studies of subsurface communication be-
tween horizontal electric dipoles :n a dissipative half-space
(region 1) near its boundary with aur (regon 2) [9], [10],
{12] have shown that the only generally useful component
of the electric field for lateral-wave propagauon s the adial
one, 1.e., £,,. It may be assumed that this 1s also tize when
the air 1s replaced by rock with conductiviiees in the range
from 4 X 10°® to 4 X 107* Si/m. Thus a quarnititative study
of lateral-wave transmussion along ne ocean-lithosphere
boundary, shown n Fig. 4, requii~s the determination of
E,, at an arbitrary point P(p,¢,z) in the sea water. The
source is a horizontal electric dipole with unit moment (JAl =
1) located in the sea at a distance d above the origin of co-
ordinates on the boundary surface. The exact expression for
E\, 15 given explicitly in King and Smuth [13], or 1t can be
obtamned from the general formulas given by Bafios [9]. It
1s assumed that g, =y, = o, the tune dependence 15 e /",
Whenz =d,
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where, withy =1, 2,
Y, = (k] - W) (2
and the wavenumbers are
ky =B, +io, = (wioe,, +iwpyoe,) 2. (3)

In (3), €, 1s the real effectin. permituvity and o,, 15 the real
effective conducuvity of the matenal 1n region ;.

The numencal evaluation of £,, from (1) has been carried
out by King and Sandler {10] and by King er al. {12] when
region 2 1s air and region 1 is a half-space charactenzed by
conductivities 3nd permuttivities in wide ranges. The com-
phicated dependence of E,, on the frequency and radial dis-
tance as well as on the electrical properties of the material
half space that is revealed in the computed graphs in [10]
and [12] is interpreted there with the help of a set of simple
approximate formulas due to Bafios [9]. Since these have
been denved specifically when region 2 15 a perfect dielec-
tric (air) with a real wavenumber k3 = §,, @, =0, 1t 15 note-
worthy that they are quanutauvely fairly good approxima-
tions even when region 2 1s an imperfect dielectric (lithosphere
of rock) that has the properties of a conductor at low fre
quencies. The following 1s a general form of the approximate
formulas:

E\p~Acos¢f(p)explilksp+k,(z+d)]}

where f(p) ~ 1/p> for the near field, f(0) ~ 1/p for the inter-
mediate field, and f(p) ~ 1/p? for the asymptotic or far field.
The amplitude 4 is a different function of k, and k, in each
of these ranges. Formula (4) discloses the lateral-wave nature
of the field in the exponential term which can be written in the
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Fig. 5. Schematic example of near, intermediate, and asymptotic
fields.

form exp{-{ayp +a;(z +d)}exp{i[Bsp +ify(z +d)]}. A
schematic representation of the down-over-up path of a ray
and its relation to this expression is shown in Fig. 3. The
radial dependence of the amplitude |E l‘,| is seen to be ap-
proximated by f(p)exp{-[op + a;(z + d)]} which consists
of three principal parts, viz., the exponential dependence on
the total vertical distance z +d, the exponential dependence
on the radial distance p, and the inverse power dependence on
the radial distance. This last consists of three segments be-
ginning with 1/p® at low frequencies and electrically shor:
radial distances, 1/p at imermediate [requencies and electnical
distances, and 1/p® at high frequencies and large electrical
distances. Graphs of 20 log,o {f(e)/f(1)] are shown in Fig. §
for the three ranges. These have the forms -60 log,o o, - 20
logio p, and -40 log,o p, respecuvely, for f(p)=1/p>. 1/p,
and 1/p?.

[1I. GRAPHICAL REPRESENTATION AND
INTERPRETATION OF £, IN
LITHOSPHERIC PROFAGATION

The nuinencal evaluation of |£,,| at P(p, ¢,2) from (1) for
the disposition of dipole and materia's, shown in Fig. 4, has
been carried out when region 1 is sea water (e,,, = 80,0,, =4
Sifm) and regon 2 1s rock (e,.,, =16, 0., =4X 107 o
4 X 107 Si/m). For convemence 1n the graphical represen-
tation, the quantity 20 log,o[E lpl 1s used as the dependent
vanable with the reference amplitude |E ,p|=l V/m. The
actual magnitude lElpl in volts per meter due to a dipole
with unit moment (JA/=1 A m) can be obtained by divid-
1ng the values in the graph by 20 and evaluating the anti-
loganthm. In the computations of ]E ,,,I, the dipole and
point of observation are imtially assumed to be the same,
and two values, z=d=0.15 m and 1.5 m, are nvestigated
in detaid. Subsequently, the results are extended to aibitrary
and different values of z and d. The radial distance p between
the dipole and the pomt of observation 1s vaned from 0.1 to
100 km with frequencies in the range from 10 to 10° Hz.

Graphs of |Ey,| as a function of the radial distance with
¢ =0 and the frequency .s the parameter aze shown in Fig. 6
for 0,; =4X 10™® Si/m and 4 X 107" Si/m, and in Fig. 7
for g,; =4X 107%,4X 107, 4 X 10™%, and 4 X 10~ Si/m.
In both figures,z=d = 0.15 m. The general validiiy of the ap-
proximate form (4) is readily verified from these graphs and
the contributions from the several factors identified. Thus
with 0, =4 X 10™® Si/m in the upper half of Fig. 6, ayp is
sufficiently small over the entire radial range to make e ™" ~
1, so that the entire dependence on p is in f(p). A comparison

£=3

Een1 280, 7, ¢ 4 éu/m ’
Eqr2 716, cezsazl0®

|
i
i
00k e L0 s 2141015m vy
Yeeea M |
s Mmoo !
© [
4 R T
& : ————
w
B ! 010 —
300~ 10 - =
00; -0t "\
) Te— . W'e
- 400 B
; €080, 0074 S/m
! . Eer2"16 . T4z 14110 SYm

IEpin 48

Fig. 6. Magnitude of £, in sea water bounded by hithosphere;
z2=d=0.15m.

with Fig. 5 shows that at =10 and 100 Hz, the graphs of
|E1p| have the near-field form C - 6C log,o p, where C is
constant. The graph for £=10° Hz has the near-field form
C - 60 log,o p up to about p =9 km, then it changes to the
intermediate-field form C - 20 log,o p. The graph for = i0*
Hz is similar but the change from the near-field to the inter-
mediate-field form occurs near p=1.2 km. The graphs for
f=10° and 10° Hz are entirely in the intermediate-field range
givea by C - 20 log,o p. The graph for f= 107 has the inter-
mediate-field form occurs near p=1.2 km. The graphs for
changes to the asymptotic-field form C - 40 log,o p. The
graphs for f= 10® and 10° Hz are enirely in the asymptotic
field range. The factor C (which 1s independent of p) 1s given
by C=20logo IAI exp [-a;(~ + d)}, where A nvolves k, =
By tioy and k; =P, +iey,. Withz+d=030m, ay(z +d)is
sufficiently small when < 10” Hz. so that exp[-a,(z + d)] ~
1, and the actual value of C is determined by 4. When fis in-
creased above 107 Hz, a; grows ande-a'(vd)decrcases rapidly
from nesr 1. This accounts for the sharply reduced values of
|E1p| 1n the graphs for £=10® and 10° Hz. Note that the
largest values of |Ey,| occur with =107 Hz, p<8 km, f =
10® Hz, and p > 8 km.,

When the conductivity of the lithosphere is g,, =4 X 107’
Si/m, the graphs in the lower half of Fig. 6 apply. These

AXR

A




a—r eam a

1Ept in dB

1Ep1 1n dB

3' —— —r T

Eery 180, T¢ ¢4 S1/m

Eer2?16, Ta2+ 4210 51/m
2:¢*015Sm

: ~ \ Rt
A0 E¢r 80, Tgi*4SUM N
| €er2t16, Tez1421Sum N Y
-500[ 2:d1015m B
1 S
- | S SN .
‘00‘ H s 12 [T %
2 10 km
()
2
€180, 04765 /m
. wh Eer2t'6, 0;3:41!0‘3./"‘
.&\ 1:a- 015m
R
~ -
Fal . .
¢ .) 4 O
- .\ “ » N -
N
-
- \ .
L}
A
O S U |
Eer 180 0,14 Si/m
- Eer2116, Teat 4210 Sum
11drQ15m
>
\\ \\ ‘N”
A\ \ .
\ \\ A x<>’\\'°z
b \\ \ \IO‘ \\ \ \ B
AT ALY N
“‘? v\ y Vo N
r . \ \
w0ty \\ \ \ \ \
.‘\l A\ -\\ i \‘\.1 : ¥
12 08 1 2 s o0 % 100
£ 10 km
(b)

z=2d=0.15m.
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resemble those in the upper half, but at the hugher frequencies
and the larger radial distances they bend downward. Ths 1s
because at the tugher conductivity a, 1s larger, and at the
greater values of p, a;p 15 large enough to make e “* no.
ticeably smaller than 1. Ths effect increases as 0,4 15 raised
1n steps as shown in the jour diagrams in Fig. 7. As o,, is
increased, the greatest values of IE,pl shift from =107 and
10% Hz to lower frequencies, so that with 6,, =4 X 10”5 Si/m,
the |E,,| at <10 Hz 1s greater than at f= 10" Hz, p>6 km,
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with 0,5 =4 X 167* Si/m, |E,,] at f< 10° Hz s greater than

at £=107 Hz when p >0.4 km.

ferent manner in Figs. 8-10, in

The information contained in Figs 6 and 7 is shown in a dif-

which contours of constant

|E1,] are drawn as functions of the radial distance p and the
frequency f. The scale for the frequency is arranged to increase
frem right to left so that the wavelength A(km)=3 X 10%/f
(Hz) increases from left to right. In the graphs in Fig 8 for
02 =4 X 107 and 4 X 1077 Si/m, the short ranges p for a
given |Ey,| at the low frequencies are a consequence of the
rapid 1/p° decrease 1n the near-ficld range, the sharp reduction

e E————
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in radial range at the high frequencies on the left are due to b i s

the combined effects of the factors in e_a'(:’d)/pz. The

large peak in radial range which occurs when the frequency
is between f=10°% and 107 Hz is possible because the expo-
nential terms are near umity and the intermediate range value
f(p)~ 1/p applies. Note, for example, that the value |£,,| =
=175 dB occurs at a radial distance of nearly 40 km with fnear
107 Hz and near p=0.25 km at f<1G® Hz. As the conductiv-
ity of the lithosphere is increased, the erfect of € *** makes 1t-
self felt beginning at the hugher frequencies and larger valuss
of p, as shown in Fig. 9(a) for 0., =4 X 107 Si/m and Fig.
9(b) for 6,, =4 X 10”° Si/m. The sharp maximum between
f=10% and 107 Hz continues but only at decreasing radial
distances. Finally, in Fig. 10(a) where 0., =4 X 107 Si/m,
and 4 X 1073 Si/m in Fig. 10(b), the exponential attenuation
is so great at the high frequencies that the maximum in the
radial range near £=107 Hz occurs only at very short distances.
Furthermore, since «, increases with frequency. the largest
values of |E i pl occur at the lowest frequency.

In Figs. 11 and 12 are shown graphs of |E,,,| like those in
Figs. 6 and 7 but now with the dipole and point of observa-
tion further from the boundary in the sea water. Specifically,
z=d=1.5 m. Contour diagrams like those in Figs. 8-10 are
shown in Figs. 13-15. It is seen that when ¢,, <4X 107
Si/m, the relative maxima in the radial range have moved from
near f=107 Hz when z=d=0.15 m, to near f=10° Hz
when z=d = 1.5 m, and that they are substantially smaller.
For example, with 0., =4 X 107® Si/m the maximum range
for |E,p| =-225 dB is p= 10 km with z=d = 1.5 m, instead
of p ~ 500 km with z =d = 0.15 m. There is no corresponding
decrease in the range at low frequencies since there the expo-
nential attenuation is small. Unless both the transmitting
and receiving antennas are very close to the ocean-lithosphere
boundary and 0,, <4 X 107° Si/m, the greatest radial range
for any given value of |E,,| occurs at very low frequencies.

Fig 11 Magnitude of £, 1n sea water bounded by hithosphere.
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When z and d are sufficiently small and 0,, <4 X 107¢ Sy;m.
the greaiest radial range occurs at an optimum frequency.
This occurs with £= 10° to 107 Hz when z = d 15 1n the range
from 1.5m150.15m.

IV. GENERALIZATION TO ARBITRARY LOCATIONS OF
THE SOURCE AND RECEIVER

The graphs of IE“,I shown in the several figures apply to
the special case z =d when the dipole and the point uf ob-
servation arc at the same distance in the sea from the sea-
lithosphere boundary. Approximate values of |E,,| at dif-
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e °T ~ = V. COnCLUSIONS CONCERNING LATERAL-WAVE
T - 1 225" PROPAGATION ALCNG THE
a2 \// - OCEZAN-LITHOSPHERE BOUNDARY
= 2003 The several graphs in Figs. $-15 lead 1o the following gen-
. y : eral conclusions regarding lateral-wave transmissio.. along a
- 1 / 178 planz boundary between sea water and the lithospheric rock,
o e . when the source is a horizontal eleciric dipole in the sea water
Ml ! . .
!‘a , e _)(.\_5_0__ at Fhe f!lstance'd from the boundary aad 'the point of obser-
B v v T vation is also in the sea water at the disiance z from the
ta K boundary and the radial distance p from the source. 1) If
() the conductivity of the lithosphere is greater than g,, =4 X
Fig. 14. Contours of constant |E,| in sea water bounded by hthosphere,  107° Si/m, transmission over distances greater than p = 50 km
z=d=15m. experiences the smallest decrease with distance when the fre-

ferent values f z and d arc readily obtained from the known
values at z=¢ = 0.15 m or 2 =d = 1.5 m if use is made of the
simple formula (4) in which 2 and d occur only in the ex-

ponential ey (E(p)1 be the known value at z; =

dy =0.15 m, and (£,;), the unknown value at z, when the
dipole is at d,. It is not assumed that z; =d,. Clearly, from

4)

{E1p)1 = (Erpy expliki(z2 -2y ta, - dy)) (5)
and

|E1ol: = lElpll exp[-a;(z2 - 2y +d; = dy)). (6)

——— o Fheatm B

quency is as low ag possible. This 15 true for all values of z =
d215 cm. 2) If the conductyvity of the lithosphere is sig-
nificantly smaller than o,, =4 X 107 Si/m, the:e is un opti-

wm freqr.ncy between | and 10 MHz at which the radial
range has a large relaiive maximum that may be substar.tiaily
greater than the radial distance for lb, p} at other frequencies
including the very low. Furthermore, an erfective directional
array with significant guin can be constructed for both the
transmitter and the receiver fos use at frequencies in the 1-10
MHz range. 3) Unless both the transmitting and receiving
antennas are in the sea very close to the boundary surface
with the lithosphere, the exp~nential termn e-a‘(“d) greatly
reduces the level of the tansritted field at all radial distances
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(1]
(2]

(31

(4}

(3]
(6]

and at all frequencies.
quencies and smallest at low frequencies since @, increascs
with frequency.

WW'F-——' — T Y

~21-

~—— T '—r‘vv——w—v—“’l*w Lo 2 DR dag STt W Y

IEEE TRANSACTICGNS ON GEOSCIENCE ELECTRONICS, VGu. GE-17, NO. 3, JULY 1979

This decrease is largest at high fe
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Lateral waves: a niew formula and interference patterns
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A new simple formula is derived as an approximation for the general exact integrals for the radial
component of the electnc field generated by a horizontal etectric dipole in a haif-space of water or earth
near 1ts boundary with air The field in the water or earth 15 investigated as a funcuion of radial distance
from the source for €, = 80, 20, and 4. over wide ranges of conductivities and frequencies Specral
attention 15 paid to the ranges in which the dtrect wave from the d:pole produces an interference patiern
of standing waves when 1t 1ateracts with the lateral wave For selected values of the parameters the
radizl efectnc field computed from the new simple formula 1s compared with the field evaluated nu-
mencally from the exact ntegrals The agreement 15 excellent when the ratio ot wave numbers char-
actenstic of the genser half-space ard air 1s large, quite good even when this rato 15 as small as 2

1 INTRODUCTION

The study and understanding of lateral-electromag-
netic-wave propagation from horizontal electric di-
poles located near the surface of the earth (in salt or
fresh water, dry or moist sotl or sand. frozen earth
or ice) have been handicapped by the complexity of
the exact general integrals that characterize all six
components of the electromagnetic field n both the
earth and in the air above it. Between the pioneer
work of Sommerfeld [1909, 1926] and the appearance
of the comprehensive treatise by Barios [1966}, many
attempts were made to obtain useful approximate for-
mulas. These were successful only in a limited sense
in severely restricted ranges of the parameters and
variables. Many investigators have been preoccupied
with propagation in and over sea water and at very
low frequencies for which all parts of the earth’s sur-
face behave like conductors |Bannister and Dube,
1978}. More recently, attention has been direcied to
the numerical evaluation of the complex Sommerfeld
integrals that occur in the general formulas for the
latcral-wave field (Siegel and King, 1970. 1971,
1$73; Bubenik, 1977, King and Sandler, 1977: Rah-
mat-Samii et al., 1981]. A comprehensive tabulation
of the numerically calculated radial component of the
electric field of a horizontal electric dipole in a half-
space with a wide range of values of permittivity and
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conductivity at frequencies from 10 Hz to 1 GHz and
a radial range from 0.5 m to 100 km has been com-
pleted [King and Sruth, 1981]. Extensive graphical
representations of the magnitude of this field have
been published [King er al.. 1980. King and de
Beitence w1, 1979).

Significantly. none of the available approximate
formulas—including those of Bajsios [1966]—-1s ade-
quate to provide insight into the complicated nature
of the field generated by a honzontal electric dipole
in a homogeneous half-space near its boundary with
air. So-called ‘physical explanations’ {Lytle et al .
1976] also fail to do so. The complete picture 15, of
course, contained in the general integral formulas. but
these are too complicated to provide physical mnsight
by inspection and their evaiuation by numencal meth-
ods has not been sufficiently fine-grained to reveal
some of their most interesting and important charac-
teristics. A full understanding of the properties of lat-
eral waves can best be obtained from simple and ac-
curate formulas for the components of the
electromagnetic field. Since the radial electnc field
is the most important component. attention 15 directed
to it. The other components will be treated 1n another
pape:

In the analys:s to follow the compiex wave number
of region | with = > 0 (water, earth, etc.) is k, = B,
+ a0y = ofp,E)"?, where §, = ¢, + io,/w and ¢,
= g,¢,,. The wave number of region 2 with = < 0
(air) is ky = B, =~ 1o, = w(pr,,)' °. 1t 1s assumed that
By = W = pg for air €, = g, a, = 0.
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Region 2: air; €, 2¢q, 0,20, k,= kg The first integral in ’(1) can be rearranged with the
TR TTTTI T T I T I I T TTI I YT TP % relation ‘yf = kf — \° to have the same form. except
1d b Tmeee ¢/ for the exponential, as the first integral in (3). It is
P ,
o=t Tl
IXAl : i ‘~~F~~: :::::: EZ Flp.z=d)= J’ {(7|/2)[Jo()\p) = Jy(Ap)]
] ~§\:L‘l‘.. o
i Recion 1 ~E, (psa)
1 £} e
2 eglon + (3/29)1oA0) + A }e™ NN @)
€ ok,

Fig. 1. Radial component of electne field at (p, &, 2) due o x-
directed dipole at (0, 0. d)

2 AN APPROXIMATE THEORETICAL FORMULA
FOR THE RADIAL ELECTRIC FIELD

The general integral for the radial component E,
of the electric field at the point (p, . 2) in region 1
due to an x directed, horizontal electric dipole in the
same region at the point (0. 0, d) is (King and Smith
[1981], p. 617, eq. (5.9)):

= _YHo 2
E, poE: cos d:(fo {k3Jo1Ap)

— /Do) = Oy €™ T AdN

*f {0, Q/2)(Jo(Ap) = J:Ap))
o

~ (KIP/2y ) J(\p) ~ J:(}\p)]}e""""”)\d}\) h

where, with p, = @, = p,.
P=0;— v/ +w
Q = (&2~ &)/ E 2 * €37
‘Y,: =k =\ 2)

The location of the dipole at (0, 0, 4) and the point
(p, &, z) where E| 1s calculated are shown 1n Figure
1.

The second integral in (1) can be expressed as the
sum of two integrals as follows.

Fyp,z+d)y+ Flp.z+d)= j {(i/ DAY = J-(\p))

1]
+ (6327 NJolrp) + JL(Ap)Jle™ " PN\

+ f {(n/21Q = Y4 Ap) = J(Ap)] = (Ki/2y,)
0

[P+ 1JoAp) + Jy(Ap)]Je ™ " PadA 3)

L BB,

It follows that (1) can be expressed in the following
form:
Who

E,= —I;E cosbfFyp.2—d)

=~ Fyp.z+~d)~Fip.z~d)] (5)

where Fy(p. z ~ d) 1s defined n (4) and where Fi(p.
z + d) and F(p. = ~ d) are. respectively. the first
and second integrals in (3). Note that

Q- 1==2Ey,/(Ey, ~ &5y (6)
P~1=2y./(y-~v)) (N

The integral F(p. = + d) given n (3) can be ex-
pressed as the sum of two integrals. Thus. with

Filp.z~dy=Fylp.z~d)y~Fyp.- ~d) 18)

Fip.z~dy= "é;j [Yf/(éﬂ: - &y)]

0

JoAp) = JaApile ™ THNdA 9

F(p.: =)= _kff {(v/v)/(v: = v
(4

CJoAp) = AP e T ONdN (10)

The first problem is to evaluate F,,, F,. F,. and F,
This is can ed out subject to two conditions The first
requirement is that the wave number &, of region !
(in which the antenna 1s immersed and the field cal-
culated) be much greater in magnitude than A, for re-
gion 2. Specifically,

AL > A3 (1
The second requirement s an approximation needed
to simplhify the integrations 1n (3). the integral (4) 1s
considered separately after (3) has been evaluated
The well-known exponentiai decay of a plane wave
enterning a dissipative medium combined with the re-
ciprocal theorem. the available approximate formulas
of Banos n their ranges of validity. extensive nu-
merical computations from (1), and a series of mea-
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surements all ‘ndicate that the dependence on the
depth d of tlie source and the depth z of the point of
observation of the part of E,, with the exponential exp
[iv(z + d)j should be well approximated (at leasi
when p? >> 7° and p* > d°) by setting vy, ~ &, in the
exponential factor exp [iy,(z + 4)] in (1). The con-
sequences of this assumption must be verified by di-
tect comparison of calculations from the approximate
rormula to be derived with the numerical evaluation
of (1). With this substitution, the functions F(p, z
+ d) can be expressed as follows:

F{,(p, z+d)~ F'{,(p, O)e:kuzodl

Fip. 2+ d) ~ Fip, O)e*™? (12)
In (12) and with (4),
Fifp. 0) = Tifp. 0} = J (WD) = Ja]
v
~ (K29 JoAp) = J(Ap))IAAA 13)
and, with Fi(p. 0) = Fy(p. O + Fy(p, O)
N
Fip,0) = -E:J [vi/(Ey: = Ev)]
0
[Jo(Ap) = JAAp)AdA (14)
F:(D- 0) = _ki [ [(‘Y:/"Yl)/(yz - ‘Y])]
v
* [JoAp) + Jo(Ap)IAdN (15)

The function F (p, 0) as given by (13) can be ex-
pressed in terms of two integrals that can be mnte-
grated. Specifically,

Folp, 0) = (1/ il (k) + kil k,)) {16)
where,
1(k) = j (K = A {JAp) = Jo(ApIIAdA
0
= =20 k) + KL k) (17
Lk = f (K = N [ JAp) + Jy(Ap)INdA
0
2k 2
==+ —: e’h’ {18)
[
Lk) = J (K = N)7VHIAp) + Jy(Ap)IA dA
0

LATERAL WAVES

—Wu Formula . 10 SessiNuments! Coicuotons
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Fig. 2z |E, at depth z of honzontal electric dipole at depth d in
water below air

=-—2’1 “'!.’Ikb)

(19)

The indicated evajuation of these integrals is outhined
ir. appendix A. With these values, (16) gives

Folp. 0) = Fi(p. 0) = —Iy(k) + kil (k)

aeh ]
ptop

The function F,(p, 0) defined in (14) can be rear-

QM

ranged as follows. Note that with p, = p, = p,.
€,/8, = KiK.
Fy(p, 0) = =(k3/a)U (k) = (k] = kDI(k)] + G(p)
2
where
T l !
G(p) = —é,j [———— —-]
oV Em oy Gy
*[JoApy = JH(Ap)IA dX (22)
Iky = j (k% = M) 3 UAp) = JuApINAA
0
= =" — I (k) (23)



524 WU AND KING

3 ~—— Left scale i

XARRAAS:

LI B B T -0

]
Right scole — - -80

€ =100
% YEPI /\ /X IP; /f\f\'
E \ ¥ \/ .3
E ol 4!“\'/\ \ ./\ Ry [ / { \‘{.«': ! g ‘-‘ k
VAT AGAVARGEAY
> r / / / [ \/

r f .

R d=2:015m , t=10MHz

}5 ;J &, 80,02 -::l()-6 S/m

-SN\EPR o for
' u formulg  eeene Numerical colcuiotions (1) z 1Am)
[ U ST ST T PR P TR
SO 55 60 65 70

p 10 meters

Fig 2b. Real and imaginary parts and magmtude of £, 1n cntical range. Ywu's formula (351 and numencal cal-
culations from exact txtegrals (1)

The function /,(k) is evaluated in appendix A. the
function G(p) in appendix B. With (17) and (23) and.
from (11), k; — k2 ~ ki. (21) becomes

Fyp. 0) ~ =(k3/kD[ =21tk ~ K2l (ks) ~ kil (k) = Gip)
~ =(k3/kD[=20ky) — Kil(ky) = Qiki/p)e™] = G(p)
(24)

The function Fy(p, 0) defined in (15) can be ex-
pressed as follows:

1 1
Fyp.0) = -kf[h(kb TR Lk) + = __—E’:U\':)]

~ =kl (k) + Dyky) = Dky) 25
When (25) is combined with (24), it follows that
Fy(p, 0) = Fylp, 0) + Fi(p. 0) ~ 2(k2/k})IAky)

* (2k31/p)e"™ + kil (ky) — Kily(ky)

+ I(ky) = L(k,) + Glp) (26)

With (18) and (19), this becomes:
k2 ok, i k, i
Fy(f, 0) = 2e""’[!}-’3 - p—; - ;’;] + 2e’*"’[p—'- F L;J + G(p)

When (20) and (27) are combined 1n {5) with (12),

[ S P PO

the resulting formula is:

ki ke '
Elo = -%pi‘.? cos d){e‘ -"dl(eck:p[’_. - L.-l _ G )

v(l/?.)F,)(p.:—d)} 28

With (B16) of appendix B, the compiete formula s

("1T cadh ks
E,, = =% cos d){e" gl

2wky
ki k, 1 ki = H
5-a-5-E(E)
x g~k “f's‘r] ~ (1/DF(p.z - d)} (29)
where

—

3. a l - -
F = = — Clhopthij2kD) - 1{:; - S[k:p(kgl?.k;)l} (30)

1
2
and C and § are the Fresnel integrals as defined m the
Jahnke-Emde Tables of Functions.

The integral Fo(p, = — d) as given by (4) is simply
the field of a honizontal dipole at (0, 0, d) in an in-
finite homogeneous region characterized by €, and %,.
In this case. Q = P = 0 in (1) and the entire field 15
given by the first integral, which is necessarily equiv-
alent to the well-known formula for the field of an
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component of the electric field 1s given by
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Fig. 3b. E, of dipole in lake water parallel 1o uts nterface with
arr

where ©, 1s the angle subtended by the radial line r,
= [p~ = (- — d¥) * and the posiive = axis tFigure
1). With

r, ~ p.

o> 0> d

©. ~ /2 i amplitude factors. so that

: ! te°0? 4
LY
A e
1
= -80~
°
€
u'" &+ 80
- . 410> s/m
-ios 2032015
-
1
120t
[+] S0 100 150 200 250
7 @ eeters
Fig. 3¢ E, of dipol= in lake water parallel to its interface with

ar
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-100— -50 3. THE RADIAL ELECTRIC FIELD
] \ \ J INTERFERENCE PATTERNS
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| \ \ ! The general expiession (35) for the radial compo-
=120~ tec s 0iSm 4d-70 . .
i nent of the electric field at a depth = 1n a half-space
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Fig 4 E. of dipole in sea water parallel to 1ts wnierface with arr

» —
0

ot k. {
tE ), ~ :-’_p:; cos & e’“"[p—: - ;-‘]

oy
= ——= .- 3
o cos & F.{p d) {
It follows that
k.
Fpp.z—dy~ =2¢*" [— - -'—,] 34
p P

(Note thai Fi(p. 0) in (20) agrees exactly with Fup.
0) as obtained from (34) when = = d.) With (34), the
expression (29) becomes:

@ sedi b
E, = —7_‘:‘: cos d){e'* amdigte
2ak
{‘_ Lox K=y
p o Pk ‘kp

(35)

7 is given by (30). This is the final approximate for-
mula for E,,. Note its simplicity as compared with the
exact formula (1}. It is completely general except for
the conditions (11) and (32). i.e., [ki] > k3, p> >
2, p° > d° It agrees exceedingly well with the nu-
merical evaluaton of the exact integrals when k]|
> k3l and quite well even when jk3/k3 is as small
as 4. This is shown on selected graphs in the exten-
sive set computed from (35).

of earth or water and at a radial distance p from a unit
horizontal electric dipole at a depth d consists of two
principal parts These are characterized respectively
by the functions f,(p, =, d) = f,(p) exp [ik.p ~ ik,(z
+ d)] and fylp, =, d) = fo(p) exp {iklp" - (- -
d)’]'?}, where f,(p) and f,(p) are the quanuties in
square brackets in (35). Clearly. f,(p. =. d) 15 a lateral
wave that travels upward from the dipole to the sur-
face a distance d in region | (earth or water). taen
continues radially outward along the surface i1n region
2 (air). and finally proceeds downward 1n region 1 a
distance : to the point of observation at (p. =). On the
other hand. f,(p. =, d) 1s a direct wave that travels
from the source to the point of observation enurely
in region 1. The amplitudes of these waves decrease
with radial distance according to quite different func-
tions. When = = d, these are f,(p) exp (ik-p) and fj(p)
exp (ik,p). Since the wavelength n air is A, = 2=

B, and that in the earth or water is A, = 2w/, (k.
=B, + i, ~ Bk, = B, = i) with B, > B.. it
follows that A, > \,. The superposition of ihe two
waves prcduces a standing wave pattern with a com-
piicated structure dominated by the wavelength A .

1
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Fig 5 IE, at depth = due to honzontal dipole (/3! = 1) at depth
din region 1 below air; f = 1 GHz. Wu's formula
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Fig 6 E, at depth = due to honzontal dipole (/1] = 1) at depth
d i region ! below air. f = 100 MHz, Wu s formula

In Figure 2a is shown E, ! in water as a function
of the radial distance p whenz = d = 0.15 m and f
= 10 MHz. Graphs are provided for €,, = 80 and fire
values of o, ranging from 4 X 10°°S/mt0 4 S/m
The top and bottom graphs in Figure 2a for distilled
water with ¢, = 4 x 107 S/m are pumarily of the-
oretical 1nterest. o, 1s so small that the direct wave
is attenuated only slowly As a consequence. the

Or T T i
E *wmericor ‘eom excet ntegrols
"0‘7‘: €« 20

!

| 1 10MHz

arz=015m -

¢ nS/m
403

1E,1 10 0B

i i | 1 1
0 26 a0 60 CY) 00
p IN METERS

Fig 7 IE, at depth = due to honizontal dipole (/3! = 1) at depth
dn region 1 below air, f = 10 MHz, Wu's formula
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standing wave persists for a large radial distance. The
curves in solid line are calculated from (33), the dot-
ted curve is evaluated numerically from the general
formula (1), both with d; = 0° The central section
of the graph for |E, | and the associated real and im-
aginary parts, E, = E, + iE, = |[E| exp 0, are
shown in Figure 2b on 2 larger scale. The agreement
with the numerical calculations from (1) is seen to be
excellent.

The graph in Figure 2a for o, = 4 x 107 S/m
characterizes |E, | in lake water. Owing to the much
greater value of the attenuation constant «, in &, =
B, *+ ia,, the amplitude of the direct wave decreases
quite rapidly so that the standing-wave pattern that
characterizes the interference between it and the lat-
eral wave dimimshes to a negligible amplitude n
about 50 m In less-pure lake water with o, = 0.04
S/m, the standing wave persists only out to about p
= 8 m. With o, = 0.4 S/m and in sea water with
o, = 4 S/m, the direct wave has a negligible amph-
tude even at p = 1 m. Note that the graphs calculated
from the approximate formula (35) are all 1n excellent
agreement with the corresponding numerical values
calculated from (1).

The standing-wave patterns at f = 1 GHz and 100
MHz in lake water with 0, = 4 X 107 S/m are
shown 1n Figure 3a. Since the wavelength in the
water 1s much shorter than with f = 10 MHz. the
deepest minima occur near p = 0.57 m with f = |
GHz and p = 4 m with f = 100 MHz nstead of near
p ~ 58 m with f = 10 MHz. However. since «, 1s
sabstanually smaller at the higher frequencies. the
standing-wave amplitude decreases only slowly with
radial distance. Graphs of |E, | for lake water over a
wide range of frequencies are shown 1n Figures 3b
and 3¢ to different scales. A significant standing wave

€,:20
1= 1 MHz

4zz:015m

4

.

3

1€, 10 0B

| W SO W

g
-

4110

! H I\ J
200 a00 600 800 1000
£ IN METERS

£

Fig 8 |E,| at depth z due to honzontal dipole (/A! = 1) at depth
d 1n region | below air, f = | MHz, Wu's formula
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Fig 9 E, at depth - due to horizontal dipole (737 = 1) at depth
d n region 1 below air, f = 1 GHz. Wu's formula

occurs when f = 1 MHz. Graphs of .E, | n sea water
(o, = 4 $/my at the high frequencies f = 100 MHz
and f = 1 GHz are shown 1n Figure 4 at very close
range It 1s seen that standing waves exist out 30—0
cm from the source.

Graphs like those 1n Figures 3 and 4 for water with
g,, = 80 are shown in Figures 5 through 8. respec-
uvely. at f = 1 GHz, 100 MHz, 10 MHz. and | MHz
for a material mediurn with €, = 20 and a range of
values of o,. The interference patterns generated by
the superposition of the direct and lateral waves are
simular to those in water with the standing wave dom-
inated by the wavelength characteristic of the material

o

i 1

40‘}%‘\ Ec1 4 12 g e015m Jl
A :

BOH\ —-
_\\ t 4100 MMz '

zo‘M' A

1€,1 n 08

[+ 1
p 1n meters

Fig 10 |E,| at depth : due to honzontal dipole (Al = 1) at depth
d 1n region 1 below air, f = 100 MHz, Wu's formula

0 T T Y T 1
] Numerico from exact infegrols !
10t € 18
l 210 MMz

1t «Q15m b

50 100 150 200 250
P IN METERS

Fig 11 :E, atdepth : due to honzontal dipole /Al = 1) at depth
d w region 1 below air. £ = 10 MHz. Wu's formuia

medium at each frequency A companson of the cal-
culations from (35) with those from the exact inte-
grals (1) 1s shown in Figure 7. The agreement 1s very
good.

Graphs for dry earth with €, = 4 and several values
of o, are 1n Figures 9 through 11, respectively. at f
= 1 GHz. 100 MHz. and 10 MHz. Typical standing-
wave patterns are obtained As seen from Figure 11,
the agreement between IE,‘,! as calculated from the
newly derived approximate formula (35) and by nu-
merical integraiion from the exact integrals (1) 1s not
as good with €, = 4 as with ¢, = 80 or 20. This 1s
to be expected since the condition (11) 15 not well
satisfied. However, whereas the amplitude of the
standing-wave pattern 1s not quite accurate, the agree-
ment 1n the actual location of the standing waves 1s
excellent

4 CONCLUSION

A new simple and accurate formula has been de-
nved for the radial electric field of a horizontal elec-
tric dipole 1n a dissipative or dielectrnic half-space near
its boundary with air The interference patterns gen-
erated by the direct and lateral waves that ong:nate
at the dipole are examined n detail for three values
of €,,, numerous values of o, and a wide range of
frequencies The accuracy of the new formula 1s con-
firmed by comparison with numerically evaluated re-
sults. In terms of computer time the new formula (35)
can be evaluated 1n fractions of a minute as compared
with hours for the complete numencal integration of
(1). When similar expressions are made available for
the other five components of the electromagnetic
field, it will be possible to study the more compli-



cated properties of lateral waves including especially
reflection at and transmission across boundaries.

APPENDIX A: THE INTEGRALS /(k)
Let the four integrals [ ¢(k) ... I, (k) defined in
(17)-(19) and (23) be considered in turn. Clearly,

Lk =2 f K= AU = Lk (AD
0

With the substitution (d/d\)[AJ,(A\p)] = ApJy(Ap) and
integration by parts.

2f (k7 = A3 TApIAdA = (Z/p)f A= AHT?
o 0
< JAp)d\ = (—Z/p)f (k3 = AH'?
0
= Kk = A) 7 1p)dA (A2)

With

2J,(Ap)/ Ao = Jo(Ap) = Jo(\p) (A3)
it follows directly from the definitions (17) and (18)
that

2 J (k% = M) T ApINEN = ~1,(k) = k71 (k) (A
0

Hence,

Ltky = =20 ~ K1k (AS)

With (A3) and J,(Ap) = ~(1/p)d/dN)Jy(Ap), 1,(k)
as defineg in (18) becomes

Y

L Y |
Likhy = == | (k= A = Jy(hp)d\ A6
A(k) p_fo( )’ E o Jolhe) (A6)
Integration by parts gives
% 2,
Lhy==-= f (=)' UpAdh (AT
P,
With Bateman, Higher Transcendental Functions

I, p. 95 (52), the integral in (A7) integrates into
—(i/p)e*®sothat

2k 2
Iky =55 = 5 &%
2 p2 pJ

(A8)
It follows directly from (18) that

Lk)y =2 f (K = M)A = LK) (A9)
0
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Here the integral is the same as that in (A7) so that

Lk = —% e*® — 1,k (A10)
With (A3) used in (19) and the temporary substi-
tution k = i,

2i

I = == f (2 + BY™V2,(pYdN
[\]

n;
= == U {Bp/ DKy (Bp/2) (ALl
where /, , and K, , are the modified Bessel functions
of order 1/2. However. /,.(z) = (2/%2)'" smh :,
K ,(2) = (m/22)' %™ so that I, ,(2)K,.(z) = (1/
2:)1 - e™*). It follows that (A11) becomes

-

1.k = _:_.l(] - ’30)—-_?_'_” . phe

«K) = Bp 4 = kp: er)
With (A5), (A8). (A10), and (A12). the formulas in
(17)~(19) and (23) are obtained.

(A12)

APPENDIX B THE FUNCTION G(p
The function G(p) 1s defined by

o, |
= - | & -2 —
Gl s-j“ ki )[é,(kg SN T~ gk = N

{Jo(Ap) — JoAp)AdN (BhH

1
- él(k§ — 25! :]
It 15 clear that the integrand 1s very large only when
A 1s near k, so that 1n the range of significance, k;
> \* For all but small arguments.

! 1 dAp=1a Jup-1 D
J(hp) = 3 H'(\p) = Y " 4 (B2
so that
l - - &=
J()()\p) - ./:()\p) ~ (7‘77)\‘))‘ :e‘\ple S e 4]
12
== (%‘;) en)\p-m-h (83)

The integral is
G N x 1 !
(p) €,K) ) e O £k, él(}\g NN

12
. (_2_) en)\p-ﬂxé))\dk
AP

(Ba)




-31-

530 WU AND KING

Now let the variable of integration be changed with

A =ky(l ~ mr) d\ = k.m ds (BS)
where the parameter
m = ki/2k} (B6)

is very small since [kj << [k| and 7 is the dimen-
sionless variable of integration. It follows that

A= kg(l - 2mT + m) ~ k§(1 + 2m7)

or
A~ kol = 2m7) F =kl ~ m7) (B7)
and
(k3= N7 = (=2m) %k, (B8)
It follows that with
o« = mhyp = kip/ 2k} (B9)

(B4) becomes

. 1 1
V= —EhY T - 3
Olp = —&:d f [é,k:(—Zmr)’ etk Ek(-2me) ]

12
2 o= 1 sa-
R ( euk.o T 4)em "ll\§ dT

B10
e (B10)

Since 'mt = k,/2k;7 < 1. it is adequate to write A
~ k, in amplitudes but not in the exponents Also,
since A = 0 corresponds to 7 = —1/m, a very large
negative quantity. the lower limit can be made —z=.
Thus, with & k,(2m)' */&,k, = 1, (B10) can be wnt-
ten:

12

3 2 \. kg =
Gp) ~ —klksm(;r—p/ e Y Hiw)  (BID)
where
H(a) x l _—l -!e'c"d (B!
a) = —_—— T 12
e V-TJ

With considerable manipulation this integral can be
reduced to

*ou
H(x) =2V e"""e"“[ {/—-ldt (Bi3)

In the notation of Jahnke-Emde, Tables of Functions,
p- 36, Dover Publ., 1945, the Fresnel integrals are
defined as follows:

"

C2) + iS(z) = f — e dr (B14)
0

\ 27t

It follows that, since C(x) = S(x) = 1/2, (B13) has
the following form:

H) = 2m7V2 e"'"’e"“{ [é - C(a)] - z[—_l, - S(a)]}

(B15)

Accordingly, (B11) can be expressed in terms of the
Fresnel integrals. Thus,
12

= = 3 ke l) hp =10
G(p) L_/I\,)(kzp e

(Eea]-fsel)

where o = k,p(k3/2k}).

(B16)
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Lateral waves: new formulas for E, 4, and E,

T.T. Wuand R. W. P. King

Gordon McKay Laboratory. Harvard University, Cambridge, Massachusetts 02138
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New sumple formulas are denved as an approximation for the exact general integrals for the transverse
and vertical components of the electnc field generated by a honzontal elecinic dipole 1n 2 haif-space of
water or earth near its boundary with air These formuias supplement the earher denvation of the more

important radial component

1 FORMULATION FOR E,,

The transverse component of the electric field £,
at the point (p, &. ) in region 1 due to an x directed.
horizontal electric dipole in the same region at the
point (0, 0, d) is {King and Smith, 1981. p. 617.
equation (5.10)]

w - -
E.= 4_‘:\1_ s d»(f {k3JaAp) = /D Jatap) = JLAp)]}
[ l 0
Sy e NN - f {(v, /8o Ap) = JAp)]
0
= P/ 2y JoNp) — J:(Apn}e'*“-"“‘m) (1

where, with p, = . = B,

P='Y:_Y| =51'Y:"€:"I|
Y2 N &Y+ &4V
yv=k-2 i=1,2 (2)

This expression 1s like that previously analyzed in W
and King [this 1ssue] for E,  with two differences.
These are —sin & replaces cos & and the sign of J.(Ap)
is reversed throughout. It follows that E,, can be ex-
pressed as follows, paralieling equation (5) i Wi and
King [this issue}:

= W
E,= o sind
AGyp. 2 = d) + Gilp, 2 + d) + G(p. z ~ d)) 3)
where

Gop, 2 ~ d) = f {(vi/ D) + J.(Np)]
]
Copynght © 1982 by the Amencan Geophysical Union

Paper number 151640.
0048-6604/82/0506-1640$08.00
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= (K329 1JAp) = JAp)Jbe'™ T4 hdN 4

Golp.z~d) = j {tv,/2DJ(Ap) = JsAp)]

o
= (Ki/2yDUaAp) = JAplle™ ™ NdA (5

Gp.z~dV=GAp. 2 ~d) ~ Gup. 2 = ) 6)

Gyp.z~d) = —€:J Y
, L&y = &y,

- [JofAp) = JoAp3le T AN (7N
Gip.z = d) = —kif N -
o LYy = v

[ JolAp) = Jx(Ap)e™ " Nd\ (8)

2 EVALUATIONOF Gin.z = &)

The evaluation of G,(p. = ~ d) as defined in (6)
with (7) and (8) will be carmnied out subject to the re-
striction

TR 9
and with the approximation
Gyp.z ~d) ~G,(p. 0"~ (10)

whtch 1s discussed in Wi and King [this 1ssue] Since
G,(p. 0) = G,(p. 0) + G,(p. 0). 1t remains tc 2valuate

Glp. 0) = =&, f [—'—L]l.ln()\p) - JOpINN
L Ley: = &,

(1

ST T - A Y T T N .
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Gylp. 0)=—k§f [—i-—]u(,o\p) Z{ApAGN
(i 1v2 ~

The integrals can be expressed in terms of the pre-
viously evaluated four integrals. viz.,

(12)

Itk = j (k% = A2 J\p) = JAp)AdA
(]

. 2% % 4
= <Ay~ kKl = - ¢ (—3 - —.) (13)
p P
i 12 2312 2k 2x ko
Lty = | & = \) 3 [JgAp) = J\pAdN = e
[1]

(14)
Lk = f (k= A7 J4p) = JA(Ap)AdA
(1]
2 . 2 ( 2 ’1)
= —=* - (I\)——I\_*e el (15)
L(k) = f (k% = A7 3 (JoAp) = Jo(Ap)IAdA
(1]
5
s 1= ¢ (16)

The reversal of sign of J,(Ap) is equivalent to an in-
terchange of / (k) with [,(k) and of /,(k) with /,(k).
1t follows from (21) in Wu and King [this issue] that
Ualp, 0) = ~(k3/kDlIsky) = (ki = kDI k)] ~ H(p)

(17

where

* [Jo(Ap)  Jo(Ap)]AdA (18)
With (24) in Wu and King {this issue]. (17) becomes
Gylp, 0) = —(k3/kD =20\ (ky) + KE(k:) + k3 (kp)] + Hip)
(19)

Similarly, with (25) in Wu and King [this 1ssue),
Gy(p, 0) = =kijly(ky) + 1y(ky) — 1,(ks) (20)

These can be added and terms of the order k2/k? ne-
glected. With (13)-(16), the result is

FREPE e

T R Y
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L2

(i} k !
G(p. 0) ~ 4™ —'——i-:)
P \2p "0 7 %
ki
+ 484119(_2_.. L) ES H(p) 2n
\p” 0

The function H(p) is evaluated in appendix A. The
result is

25k w7 .
H(p) = -—;CI—' (k’p)-‘ - 1k, ~ihipk D 22)
where
% 1 o~ 2 2 1 N .
F = 2— = Clhaplhs/2k))]) - l{; - S[kzp(kg/zk;)]} (23)

In (23). C and § are the Fresnel integrals as defined
in Jahnke-Emde, Tables of Functions.

3 EVALUATION OF Gip. = - dVAND Gp. 2 ~ )

In the evaluation of Fyip, = + d) 1n Wu and King
[this issue] the same approximation was made as in
the evaluation of F(p, = + d). That is. 1t was assumed
that Fy(p, z + d) ~ Fy(p. 0™ . This was done
because the terms mvolving """ as a factor m
Fy(p, = + d) exactly cancelled those in F(p. = + d)
and therefore a parallel treatment of the ntegrals 1n-
volving ¢™*® was indicated. The corresponding
terms in Gy(p, z + d) add to those in G,(p. = + d)
In this case it would appear that somewhat greater
accuracy could be achieved by using the exact expres-
sions for both Gy(p. = + d) and Gylp, - — d). Spe-
cifically, since Gy(p, z — d) is the direct contribution
to E,, by the horizontal dipole as if in an infinite
medium and Gg(p, z + 4) is the contribution of its
image, the relevant formulas can be written down
directly.

For an x directed dipole with the moment /Al =
A m at (0, 0, d) on the - axis, the & component of
the electric field is given by

e fi ]

Ere)e = 4wk; roon

29 <in & Golp, 2 = d)

24
" amk 24

Similarly, the ¢ component of the electric field of an
image dipole at (0, 0, —d) is

w
(Epo), = ”Qe'*"snd,[ ——'—i,]

3
4 ks ry ron

el aBoar o - —_—

TEREET T

-~ A—_M7M - DU VRIS IUPESYE |
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= ,\25"' ¢ Gifp, = + d) (25)

where

= (p: -z - d)‘:]l.l

~

n=pt Y Q6

Clearly,

Golp. 2~ d) = -e""‘[ﬁ A %] @7

n o onon
Gyp.z~d) = —e'k"'[’-k— - k—: - i,] (28)

ra T rs

Subject io the conditions p* >> 2%, p* > d°. 1t is a
good approximation to set r, ~ r, ~ p in amplitudes.
but not in exponents. With this approximation,

Gn(p. z=d) - G;’(p_ =~ gy~ _(elk [ eﬂur;]

»["‘—7—‘—;-%] (29)
p Y Y

4 THE COMPLETE FORMULA FOR £,

The final approximate formula for E,, is given by

(3) with (29) and (10) with (21) and (22). It is
Wy
Eo= .:k_ sin ¢

B {exk,v:vd»e.k;g[f_é N _1? . i’\_é ! :J . e-,k:ptl@ &il‘?]
PP 2k (ke T

N b

1 Gk
~3 fen - e“"’}[%l - ':— - é;]} (30

where r, and r, are defined in (26) and ¥ is in {13).
The formula with - = d = 0 is of interest. This has
the following much simpler form:

e otk Mf)g,]

i M[k, 1”
~ ==+ 31
20 1 p

The 1/p terms are seen to cancel. This suggests that
the corresponding terms in (30), viz, (zkf/?.p)
(et 9 — (1/2)(e*"" + ")), should perhaps also
cancei, but do not owing to the approximation in the
factor e*"**“*® which is not physically meaningful.

All terms that irvolve e** relate to the direct field
from the dipole and its reflection {iom the boundary
and not to the laterai-wave term which has the coef-
ficient e ¢**  They can contribute significantly
to the field near the scurce and to the interference
paitern. They are not important in determining the
field at distant points.

5. FORMULATION FOR E,,

The vertical component of the electric fieid, E,.
at the point (p. &, ) in region 1 due 0 an x directed,
horizontal electric dipole in the same region at the
point (8, 0, 4) is [King and Smith. 1981. p. 618.
equation (3.11)j:

E.= k E1 cos & f [z ~ Qe™ L (NN N

(32)

where Q is 1n (2) and the upper sign 1s for - > d. the
lower sign for 0 = - = 4. With w, = p, = p,. let
{32) be written as the sum of three integrals as fol-
lows:

= Wt o -
E,. 417kicos lHp.c — d)
~H{p.z~d)+ Hpp. 2 — d)) (3%

where

Hyp.z - d) = :f e™ ! J AN dA 34
0

¥

Hyp, 2z~ d)y= f e (AP AN (35)

[

Hip :~d)y = [ MO ~ DN A
CE)

= =2, | et —2 Ly pnian (36)
“Jo €y: + &y

6 EVALUATION OF Hip. = = d)

The evaluation of H(p. - + &) as defined 1n (36)
is carned out subject to {9) and with an approximation
that corresponds to (10), viz.,

Hyp.z = d) ~ Hup, 0" (37

The function H,(p, 0) can be expanded in the mannet
carried out in (11). Thus,

Ak o
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) 1 1 |
Hy(p,0) = -ZE:j 'Yl[-_""P = . -__~_-]
0

§1Y: Y2 T EYy &Yag
- Ji AN AN (38)
=23 f 1 onian = K(p) (39)
g ), T
where
K(p) = =28 f [ L. —11 NN (40
e “z o h &,v: + &y, 51"/*_' ,

is evaluated in appendix B. The evaluation of the in-
tegral in (39) is carned out with the help of the fol-
lowing approximate procadure:

. ¥, _ k= A
siky, ko sz_;=(k§-)\)“~f ~fH=f D

where, with (k3| > k3, and 3 = —ik, or k, = i3,

A3 2
£ ~ flky ko A ~ Ok} = ((—M)——
W ‘}\"'5."_: LS *}\Bz)l : (42)
o~ flky ky N ~ Otka} = (T‘:kl_)\)l_i (43)
S~ filN ~ Othyiy = fild ~ Otky)] = ,% (44)
Thus, with (42)-(44),
TR T S Y

Y2 A

and with (45) in (39)

2
3

B
Hyp.0) = —zk—;” (A + B U, (ApAdA
LI/

© 200N )
-k, f (k'_%;d}\ + 1k j 1,()\9))\(1)\} + K(p)
0 0

I

k) - - K(p) (46)

>.-|>c-
8

kygky) = 1k, 15}

-2

where the three integrals /, I,, and /, are evaluated
in appendix C. They are

k
I4k,) = —# (1 + 1e**) 47
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P
Iky) = ~ [—2 + Lz]e""" (48)
p b
1
L= 49)
p

The function K(p) is in appendix B. The result 1s

12
2ik3 p 10 shapki 2k

K(p)=-—=(—) gtipg iR G
kf kyp

50
where % is defined in (23).
With (47)-(50), (37) becomes
K kk i ikl
Hyp.z+d)~22 e"‘“”"’{e'k"’[—” ==
e k, p Pk
i2 h
: (1) e"*"""i"""%’?] - 5—-‘0} (51
kap H P

7. EVALUATION OF Hy(p. z = d) AND H(p. = = d)

As in the evajuation of the corresponding terms 1n
E,.. the exact formulas will be used for both H,(p.
z — d) and Hy(p, z + d). As before, these are the
contributions by the dipole source at (0. 0. d) and the
identical image at (0, G, —d). The formul. for the =
component of the electric field in an infine homo-
geneous medium due to a horizontal x directed dipole
at (0, 0, d) is

0%y n JC d_) (In - 3’1‘_‘ - 2)
1) dzk; m r roon
_ ton L ,
=i k’ cos & Hylp, d) (52)
with
=(p? + (z - DIV (53

The comesponding exnrission for the image of the
source at (0, 0, —d} 1s

Ry 4., X2+ d) (k 3ik, 3)
il SR LA LT Cal]
4 }" " r. r; ry

(El:)l =

e & Hyp. 2+ d) 54

4 ik
with
= [p* + (z + )} (55)

With the conditions p* >> z°, p> >> J° in amplitudes,

these formulas become
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Oy g X2 d)(2 3ik, 3)
(E;). ~ i e (56)
e ™ 4k € P o\p P
0y «-w-d)(k,, 3ik, 3)
(E)), ~ ! T — - 57
T i ¥ \p o
With x/p = cos &. the sum of the functions H,(p, =
— d) and Hy(p. - + d) becomes
Hyp, c — d) + Hyp, z + d)
:-d z- Wi 3ik
= [ e:l-n - dexher |:_I - 1‘_@1 - %] (58)
P P p P p

8 THE COMPLETE FORMULA FOR E,

The finai approximate formula for E,, is given by
(33) with (51) and (58). It1s

ol o l‘_’ kit~ dy
. .k:cm d)(‘x e

. 12 e
i B .- i3 (;.) et | _ fl
o Pk \kp P

El:

o~

(59
with r| and r, defined in (26) and F m (23).

9 CONCLUSION AND COMPARISON WITH
NUMERICAL VALUES

In order te Zheck the accuracy of the newly derived
simple formulas for £,, and E,_, the general integrals

) and (32) were evaluated nr merically (this eval-
uation 15 due to L. C. Shen) for a critical range of the
radial distance p with the depths d of the dipole and
z of the point where the field 1s calculated chosen 10
be different. The denser region 1 is salt water with
g, = 45 and o, = 3.5 S/m at f = 600 MHz; the
second region 1s air. Since agreement at very large
distances 1s no problem, special attention s directed
to the range withir 20 air wavelengths of the dipole.
This is of importance since the new approximate for-
raulas are good approximations only when p° > d?,
p’ > =%, which may be interpreted as p = 5d and p
= 5z,

Graphs showing |E, | and |E, | and also {£, | in the
range 0.001 = p = 10 m for the numerical calcula-
tions and 0.01 = p < 10 m for the approximate for-
mulas are shown 1n Figure 1. The agreement 1s seen
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Fig 1 The three components of the elecinc tield at depth - due
10 a henzontal electnic dipole at depth d 1n salt water Restriction
on Wu's formula p = 54 = 0035 m

to be excellent when p = 54 = 0.035 m except in a
narrow range near p = 0.07 m where the direct and
lateral waves interfere. as discussed in Wu and King
{this issue]. Very small changes in frequency signif-
icantly alter the interference pattern so that close
agreement 1n a small range near such a region cannot
be expected. At lower frequencies the direct field s
attenuated much more rapidly, so that interference
phenomena do not cccur in the practical ranges Even
11 the case at hand, the range where the interference
is significani is only 7 or 8 ¢m from the source At
greater distances, all three approaimate formulas are
highly accnrate.

APPENDIX A EVALUATION OF tHE FUNCTION Hip

The function H(p) 1s defined n (13). It differs from
G(p) m Wu and King (this 1ssue} only in the sign of

Jy(Ap). Thus, whereas in (R3) of Wu and King [this




. T
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issue] the following function and its approximation
OCCur:

12
2
JoAp) = JaAp) ~ ( ﬁ;) gy (AD)
T
the functicn H(p) involves instead
Io0) = L) = = 1,000 ~ = - wo=3nra
° : ! Ap Qwap)'’
12

= -—' (__2_.) dAp== Sy (A-,)
)\p 17.\p -

Clearly, (A1) and (A2) differ only by the factor
—i/Ap. Since in the evaluation of G(p). X is replaced
by k, in amplitudes. the final expression for H(p) dif-
fers from that for G(p) only in the factor —i/k,p.
Thus. with (B16) of Wu and King [this issue}:

12

thp  —ia
e o

32

Hp) = 2uk3/k))

"
N

(k.p)

{eo]-fose)

where o = k,p(k3/2Kk7).

(A3)

APPENDIX B THE FUNCTION Ki(p)
The function K(p) 1s defined in (40). It s

Kip) = -Zé:f (ki = A"
[t}

1
[é,(k§ = AT - ki =AD"

JyAPINAN (B1)

1
As in the comparable integral in H(p), which is eval-
uated in appendix A, significant contributions from
the integrand occur only when X is of the order of &,
and therefore in this range ki > N, (ki = \)'* ~
k,. The same approximation of the Bessel function
can be made. It is

HAp~ Y.y

] 1
Jip) ~ = H (Ap) ~

2 Qmap) €

-
T emp)'?

HAp~T/4) (B‘))

With these approximations, (B1) becomes
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[ 1 1
K(p) ~ te:l\ljo [é.(k§ — A7+ &2k, é.(k§ -\ :]

5 12
. (_"_) enxp--.v/-n}\zdx

Tup

(B3)

This differs from G(p) in (B4) of Wu and King [this
issue] only in a factor —iA/k,. Since in the evaluation
of G(p) the approximation A ~ k, was rnade in am-
plitudes, this ratio is simply ik,/k,|. That 1s, K(p) ~
—(tk,/k)G(p). With (B16) in Wu and King uus 1s-
suel.
12
w

K(p) ~ 21(,\;/%?)(_) exk:pe—tk‘.otks 2A§yg

B4
kp (B4)

APPENDIX C THE INTEGRALS/

With B = —ik, and J_,(z) = —J,(2). the following
integral must be evaluated:

Ik = f (A = B “JAp)Ad
(4]

= —f (A + B 27, (ApndA (Ch
[}
This 15 accomplished with formula (4) on p 435 of

Watson's Bessel Functions with v = =1, a = p, x
= A.and k = B. Thus,

g i 1 o Tw-n
ity = =51 (300 (300) 1m =
(C2)

With the relation I'(v) = v™'T(v + 1), it follows that
T+ =@+ D'Tw+ 2. AsoT2v + ) =
Qv+ D 'TQr+2)=Qv+ H'Q + 2T
+ 3). Hence,

Twv~10 2v - 2w+ 2) Fe = )

= = -2
,,'.'."_11 FRv~ 1) ..'.-, v=-1 v ~ 3) -
(ChH
so that
: 1 1\
(k) = %1_,(; Bp)K-,(,—, Bp} CcH

For large arguments, Bp > 1, /_,(Bp/2) ~ (1/
wBp) 2?1+ ie™?), K_,(Bp/2) ~ (n/Bp)'°
¢ %2 Hence,

2

8° ik
Is(k)) = ‘; . —]'(l + je 8% = —l—k?'(l

Bp

- 1)

(C5)

FOW.. PR
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The second integral to be evaluated is

AN a0
Iy(ky; = j o amEdh = f = [olap) ~ J:(Ap))
, k3= 2
)\2
: (ks - KZ)I’Z dx (Cé)
_P . 2
=5 {=ltky) = k3l (k) (o0)]

where I,(k,) and /.(k,) are given in (14) and (16).
With these,

———— e v, &L

2k, 2 o 2k 2k, .
ng—g[——f—%a”——f— ;é“]
2 p p°p
k,
= —[;‘ - é;]e“" (C8)
The third integral is
——a oS
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20(3/2 1

L= L Jy(ApIAdA = ‘T_‘.ﬁ— = ’ €9

This is evaluated with formula (5) on p. 386 of Wat-
son's Bessel Functions. In that formula seta = 0. v

=1, b = p, 1 = \. Ao note that [(3/2) = (1 2
= ' %/2.
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Correction to “Lateral waves: New formulas for £, and E,_" by T. T. Wu
and R. W. P. King

{Received May &, 1954)

In the paper “Lateral waves: New fsrmulas for
E,,and E,." by T. T. Wu and R, W. P. King {Radio
Science. 17(3), 532-537. 1982). the foilowing changes
in sign should be made:

Equation 152): 1nsert a2 minus sign after each equals
sign.

Equation (54): tnsert 2 minus sign after each eguals
sign.

Equanons (56) and (57): insert a minus sign after
the asymptotic proportion sign.

Equation (58): insert 2 minus sign after the equals
sign.

Equation {39): change plus to minus at beginning
of the third line. The authors thank P. Bannister for
discovering this error. The correctec formula (59)
gives the interference dip near p = 0.08 m in Figure |
in agreement with the numerically calculated curve.

If approximations of the type 110) and (37) are ap-
plied only to integrals that involve exp (ik.pj and not

Copynght 1984 by the American Geophysical Union.

Faper number 450704,
0048-6604,84,004S-0704502.00.

to those that involve exp ik, p), the latter can all be
evaluated exactly with the aclp of formula {52} of
Bateman {1953, p. 95] or formula 6.637(1) of Grad-
shteyr and Ryzhik [193G. p 719]. The only resulting
change is the replacement of exp [ik,iz +d + ] tn
{30) and (59) by exp (ik,rs) with ra=[p° +
(z + d¥°]' . This change leads to slightly better
agreement with the numerically evaluated compo-
nents in a narrow range near the lower limit of p in
the condinons p = 54, p 2 5=. It becomes significant
only when interference mimima ogcur in this range
These are very sensitive @ small changes.
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Mew formulas for e electremagnetic Held of a verticsl slectric dipsleina
digiectric or conducting half-space near its horizental interface

Ronoig W. P. King

Gorton 3{zKcy Laboraiery, Karcerd University, Combridpe, Massachweas 02135
{Receivad 23 May 1982; accepted fos publication € Angust 1982}

New formulas are derivad for the clectromagnetic S<9d 6 2 vestica) electric dipois in a conducting
or dieleciric balf-spoce. Thesz continusesiy approximats in sccuracy the a,ener'? compsé;i

integrals over the ¢ntire pracncsz range, yet are guite Simple. They sepplemsent si

simiier frmelas

tor the horizontal elactric dipole with which they are compared, 2nd provide the means for
studywng the intedfersncz pasterns between the direct and lateral composents of the wowes 2nd the
refiection and transmission of Jxteral waves a1 bovndariss,

PACS numbers: $1.10Hv

i INTRODUECTION

The electramagnetic ficld genersied by a vestical clec-
1rés dipole bas besa studied extensivaly beginning wiih the
classical work of Sommerfeld.'? An hisiorical review with
extensive refesences is in the avihoritative bock by BaZies® in
which the horizonta] und verticat 2lectric and magnatic di-
poles arz investigaied in detzil. Howevar, the £nal formuta-
tion in this baok consists, on the one hand, of unevaluated
compiex integzrals from which the electiromagnetic field is 10
he deterniined by difcsentiztion and, on the othes hard, of
approximoaie formulas for restrictzd, generally monoveriap-
ping ranges of the parametars and variztles. These are desiz-
nated near field, intermediate field, 4nd asymptotic feld. Si-
milar expressions arz given by Wit and Campbell.* For a
comaplete physical understanding of the direct and iateral-
wave corponents uf the electromagnetic field, their inzerac-
tion, and their reflection and transmission at baundaries, the
general integrals are too involved and the approximate for-
tnuias neither very accurate nor very useful since they have
different forms in: disconnected ranges. In order to overcome
these difficulties, the general integrals have been evaluated
directly, subject to conditions that are easily satisfied, and
simple, accurate formulas have been obtainzd that are valid
over the entire practical range. The newly derived formulas
for the horizontal electric dipole have already been repori-
ed*7; it is the purpose of this paper to derive comparable
ones for the vertical electric dipole. Actuaily, they are re-
quired in a theoretical and experimental® study of lateral-
wave propagation. Although the general integrals for the
field can be obtained from the formulation of Bafios® in
terms of potential functions, a more direct derivation from
Maxwell’s equations in the manner carried out for the hori-
zontal electric dipole® is more convenient and is outlined in
the following.

18. DERIVATION OF THE GENERAL INTEGRALS FGR
THE FIELD

The geometry and notation underlying the analysis are
shown in Fig. 1. The vertical electric dipole with unit mo-
ment {{Al = | A m) is located on the downward-directed z
axis at a distance d from the origin of ccordinates on the
interface, thexy plane. Interestis in the electromagnetic field

8476 J. Appl. Phys. £3(12), December 1982

0021-8979/82/128476-07$02.40

a1 2n arbitrary point [x, ¥, 2) is sectangular or ip, &, zi in
cylindrical coordinates. The conducting or diclectric half-
space 1s Region 50} Ragion 2 is zir {2 <Gl The two 12-
gions are characienized by the complex wave numbsss
k=P via, =clu &)V’ where & =¢,+iz/o and
€, 22 €€ ko = o+ fs = .- 2 Tt is assumed that
Ey=spy=agforain, & =€na,=0.

Maxweil’s equations for the two regions with the time
dependence e ™ are

VXE, =iwB, = wiB, +58,) B, =0, L
zkz

VxB, = — ——E F+p2di

J, 5(1:)5[/,6‘2—4). =12 (2

As discusssd in conjunciicn with the korizonta! electric di-
pole,” it is convenient to use the transform

Elx, y,2) = (2 rri'z_[ % J dye™ = RIS, .24

(& 7, 2)=68lz — d). {31
With it, the transformed Maxwell equations are
inE, - JE, /9z=iwB,,, IE /32~ i§E,. = iwB .
i£E,, ~inE, =0 (4)
— 6B, /dz= —itk/w)E .,
3B ,,/0z= — itk }/0)E,,,
i£B, —inB,, = — ik /0, + udblz —d). (5)

image aipole
14
'\ Requon 2 (),
h, €,2€,,0,50
] 27727 02
0o r’é\ 2 N

777 ’I!/;/?Il//ll/l//’f\/ TIT77 77X 7e7 7777777 \,»/""r'r‘

~y
3 n ™~
¥ N2 plereg)? ‘
4"‘\" IIRIYT L . g
. : \ \\ .
vercal T LI Big w0
:t:)lec"" Regon 1 1sea,10xe eartn) e SEE
pole . - '
L 4
£

F1G. 1. Verucal dipole at depth d in Region 1, electromagnesi: field calcy
fated at {p, 2).
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Itfollowstuat E, =(7/£|E ., B, = — (£ /71B ;- Suitable
combinations of the 2bove equations yield ordmary difieren-

tial equations for B = 2nd B . They are
[Wd3rdy+ 7;]3,., = —ipudblz—dy;
B,=—(/98,. 6
with
v, =kI-£—97% j=L2 Kt
Also,
E. = —iw/k; naB 1oz1= Folk}ef /1],"38 /az,
1
E, = io/ki¢dB /3=, 19

E_ = w./nk{d?/d= ~ k':]ﬁﬂv 10
The solutions of Eg. '6: which do not become mnfinmite at

E_,: =C&” = pu 2y ™% 22,0
B,z =Ce "% z<0. 11,
The boundan coanditice. B, 0 = §;. O, leads to
C, = C: - ﬂ}y‘_,/l;';e’" ‘. J2
thei

eI et 13
With Eqs. 8,11, 2nd .13+,

=Ce" 7 —qu, /2y,

E.,z= —w/k i /g Ce T
. z>d

—ifp 2 e™ T Ze” T4 )1, .

/21 Ve lor -cd
114a
E. z= sk v /gCae ™ 75, 220 13b:

The boundary condiuon. E,, 01 = E., 0 leads 10

Co= —pgnkie” S/ik iy, —kiyp. (151

When C.. given by Eq. {15115 substituted in Eqgs. 111 /131,
1142:. and 114by, the final solutions for B.,1z1, B, izi. E,, izi.
and E,,izi are obtained. The corresponding solutions for
ma. B,,u.E iz1, and E,, iz) follow fromE =(y/& IE

B, =-( /17'8,x Fmall\ E,.1z) and I;,.lzx are obtamed
mth Egq. (101 The results successncl,\ for Regrons 1 and 2 are

Region 1, z20:

— [e"’ -4 e,v:-d
B,i& 2= — -
1 7 .uu77l 27, 27,
k Eew,l:—d.
] "
kira+ ki,
B lE. n,20= ~ £ /miB, (&, 7, 2), (17)
— I 1y, 2~ d 7 2 - d
E. & ,z'=_wy,,5[__'_e e
=67 ki : > + >
kz e:r.n:ody z d
- 727"_ N ke (18)
kiy,+kly, 0<z<d
Ely(é-’ 77’ Z) = ‘77/§ )Elx (5’ 7]’ Z), “9)
8477 J Appl Phvs Vol 52,No 12, December 1982

-_— 2 '52_:_ 21 r 2 =-d -
El:(é-ﬂoz,= - a‘uo- > 1].] e” _— eo
ki 2y, 27,
k?.e"“"d’
+ —_— . 120}
kira+kin
Region 2, 2<0:
§ {c. ) Irkge”de""’: ] 2
2wt I = — R 2
Lkira+kin
B, it n. 0= — & /Bt 7.2, 122
b -, o5
E, -..ﬂ.ﬂ——ouc,[ﬁ-i—] 23
kv &3y
E, & p.2=q/f B .2, 124,

Note that in agreement with the boundary conditzon. & 'E__.
iZ. 7.0 = kIE.1Z. 7. 01 The substitution of Egs. 16 -2
nto Eq. :3, ytelds the gensral iniezrals for the a.ommnerm of
the electnic and magnetic fields in Cariesian coordinates.
These are readily converied to c)lindnical ccordinates with
the relattons x=pcosd. y=psnd. I=7Acosd’.
n=ismd. p=x" -~y A=E -7 didp
=/Add di. Ix—my=/ipcosio—6. E =E cosé
—E sind.B,= — B, sind ~ B, cosd. If use is made of
the intezral representations of the Bessel functions. spzemi-
cally.

2=

Jipr = {2:.')_"" et dde,

Jipr= —ii2m~ [ e cosid — & dd .

- i}

ifollowsthat B p,z21=0,B,p.2=0.E,p.2=0.j=1.

2, and
I:_u_(,_f‘[f" = _ e.z -2
27 Jo 2y, 2y,

kfe” z=d e
+ —_— ]J,v.py. -di.
kiv:— k37

i, J"[_‘_ ev e e -
2k} - 2 2
iy iz -4
. k 1v.€ ]
17""1‘ 71

B, p zt=

126+

E p. 2=

X JuAp\i dA; {;) cred 2"

oy e .2 -d '-.:-d
sunae 2 [ [
= 2y, 2y,

2 ysz-d:
kz

] JjApVi YdA, (28)

L kin+kin
for Region 1, z;0. Similarly, for Region 2, z<0:
I#o 3 kée'hde—'h"

P lJ,(/.p).A di,  (29)

Bylp, 2)=
7 JO

—iwpy [ y.e"%e "

T iAp)i A,
27 Jo kima4kin

(30)

Eylpzy=

8477
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= o = 17

Epa= =2 [T s o)
2z Jo kira+kin

These are the desired general integrals for the electromag-
netic field of the vertical dipole at z = d. The same expres-
sions can be obtained from the general formulas {2.103) and
{2.1C4) on p. 43 of Bafios’ book.? It is to be noted that the
expressions {7.84)and {7.85; on p. 221 of Baiios’ book—{rom
which the approximate formulas for the several ranges are

cerived—omit the entire direct and reflected fields.

11}. EVALUATION OF THE INTEGRALS FOR THE FIELD
INREGION 1

Itis possible to evaluate the integrals [Egs. 126+-:283] for
the field in Region 1 subject only to the following ronditions:

ki ki andp sz pind 1321

Note thai the condition %1 =k} ¢, ~io /o ki=k]
daes not require Region 1 to be conducting. It may be lake
water Or earth as well as sea water, and the range of frequer-
cies is not restricted.

The first step in the evaluation of Egs. 1261281 1s to
note that in each formula the first term is the appropn'ate
compoenent of the well-known direct field (B{,, E5. . E{. 1 of
the dipole 2s if isolated at z = d in an infinite rather than
semi-infinite! Region 1. Similarly. the second.term is the field
B .. E; . E . tofanimagedipoleatz = — dbut withelec-
tric moment reversed. The remaining third term is the la-
teral-wave field (BL,. EL, EL 1. Thus,

1610, 21~ B {'Olp' zh
ESp s~ Eiyp2-Efip.2,

E.pzi=E pnn~Ei p,21~ELip 2.

Specifically, withr, =iz —d ¥ = p*)' *, r

Bip.21=B%,1p, 21— B
E ip.zi=

=fz~d@=-p >
H ®x iy =4
Bi.p.z21= %’-J; ¢ ” JiipVi “di
7 ,
o
= — &’.e““"(; — i,)(ﬂ)' (33a)
4 7 n r,
;, *x gy =-d!
Lo zl= - Ko f d JiAp\i 2di
@ Jo . 4]
_ Ho _u.f ik, I (p)
== — === 33b
4 ( r ’g) I (330)
E',’,,(p, z)= ‘:_i):_z +e™ -4 Jl('lpl'i 2dj
( l
= E)ﬂ_o e'k"'(_ki + ..__.IBk' - _3.
4zk? n »? I
-d
X(ﬁ) ( z )l (343)
n ’-l
Ellp.2)= ~ ——;”’Z; f e =] (101 *dA
wki Jo
_ _ iwp, e,k,,,( ki LBk 3 )
47k} r 7 m

(20
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d
{p,2)= — Ao
=00 2) 2 ” p
P Uﬂo e“‘r’![(ikf —_— ﬁ —_ _,_)
47k n r n
—d i ik? 3
—(Z ")(5—’ -3k ’—,’)] (35a)
ry ry r 1
o, (T o s
o 2= = JlipVi °dA
!w 4;7‘:; I4! P
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With the conditiens p*> 2%, p°d °, r; ~r: ~p in amplitudes.
p/ry~p/r.~1and termsiniz — d */r; and 1z — d °/r; are
negligible. It follows that

B .p.51 =B 0.2

~ = Bogatr -e“)(ik—' - -'—) 1361
4= PP
Efp.si- £ pam i (222
lylto'“' i;p" 47; 2 p
_z-d . )(A _ Bk, __3;) 37
P P P P
Elp.zi—E ip.z
kK ok, i
- (e“—e“)(l——A—I - L‘) 38,
dzk 3 \p p »p

It remains to evaluate the lateral-wave terms given by the
third integral in each formula [ s. 126:—281].

The three terms 1o be e\aluatcd are the following la-
teral-wave parts of the fields:

Blip.z1= “"F,oqua»
lr.-d‘
Fip.z~dy=k} f Jiipyi SdA, 1394
kiv:+kiy,
Lo o,
Ei 2= - ’F,,,(p;—d}
:7|.-d
Finz+d1=k; J- ————— JiiipVi dA, 1401
17'*"'/‘5’ 4]
Efpp.z21= — +d);
Fulpz+d ; e
o,z +d)= f Joldpli ‘dA. 4]
1z PR AP 41

These integrals can be evaiuated subject to the fcllowing ap-
proximation:

Fi.lo,z+d)=F,|p,0e* % m=é,p,z. (42)

This approximation depends on the fact that the lateral wave
originates in the air above and travels vertically down as a
plane wave into the denser Region 1 where it is known to

advance as ¢™"". The approximation has been venfied for the
six components of the field of the horizontal electric dipole
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by direct comparison of the results obtained with Eq. (42)
and by the numenical evaluation of the general integrals. The
agreement is excellent over wide ranges cf the electrical pa-
rameiers, frequency, and radial distance. With Eq (42), the
integrals to be evaluated are

File, 0)=k3 f [kilk3 -y
o
L k3K =AY)?) U ApidA, (43)

Folo. 0= k% [ [k

0
+k§(k2 _/: 2)1/’] —:(ki.
XJ\WApiA *dA,

3 _A 2)]/2
_;. 3)!/2

44

Fp, 0=k} J [k3k— 232
0

+ k3K =AW} T UMpY AL 45

These integrals all have the same denominator. With k5 >
k3, the leading part of the integral is obtzined with the
denominator approximated by &, k3 — A%~ . It fol-
fows that it is comcnieml) and exactly wnitzen in the form
kriky =23 e kb =A% P+ kK]
—AH 1T -k AkI -4 2y 4,

Witn this representation, the integrals {Eqgs. i143+-1451] can be
expressed as follows:

kI Juvp ...
F , Ol = — J ’—’T/. *di - Gc. 146
w0 ki Jo thy —AH?
k= k325N L. .
F,L;p,01= : ‘- (l+_‘7) J,I/.pV. d/.—G‘,,|4i?
ki Jo ki—4-
;,z x -
Fp.ip, 0 = f — TP~ 148,
ST S

Th= three integrals in Egs. 146}-i48) are evaluated in Appen-
dix A. The functions G, .k = J,p,z, are defined and evaluat-
ed in Appendix B. The results when substituted in Eqgs. 146~
148} and then in Eqgs. {39}-41) with Eq. (42) are

BLip.zi= .u()’*i P de.;,,[ _112. _ -17
27k p e
ki¢ o 12 )
- A-(k ) -mpk'kl7l, (49}
< 2P
2 :uol‘- ks d { ,AP[ ik, l
2k s
ki IR e
B ) ¢ 7 'ff—J - E) ]’
k' \ kj) p_ (50’
E',':(p,z|= a_;‘_‘ﬂ_:_}elk.r:od.e.l.,,[ﬁ _ k_.:, _ Ll
7] o P 2
k:l 7 \12 Rk /2% 3
- -(—) e"ﬁ-‘-ﬂf}‘
ki \kyp
(51)

The last term, — ie* #/p”. in Eq. (50) actually is part of the
direct field and not a lateral-wave term.
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IV. COMPLETE FORMULAS FOR THE
ELECTROMAGNETIC FIELD IN REGION 1 DUETO A
VERTICAL DIPOLE it REGION 1

When the direc,, reflected, and lateral-wave parts of the
field are combined, the final complete formulas for the three
components in Region 1 are

ki . )
Bla(P.Zl— — f_"{z;_etl,--d.eu,,[

L

2
1524
k: —

Ea'}-’Zl— - Uu"-.(—.e‘\'"'ie"" I_l.._ _i
2ukz\ k' p P
A:‘( YV i ,_]

22 E2) . 5
k\kp
fe.-‘;-} ](__d .. z—d .3
- = _ . )
P 2 P p
(L_&‘i)) (53
P P p
Ol ng “i-g tk 3 k !

where, with C
1

B

iurand S Fresne! itegrals.

;=

~ C [koptki/2k31)

—i) — —S[/\:ptk 12k ]i- 55

The restrictions on Eqgs. (52}-54) are

k3> ki; kp 33 piy pidt. 1561
Note that the restriction k,p >3 can be removed if certain
integrals are expressed in terms of Bessel functions instead of
the much simpler exponentials. Note also that multiplica-
tion by k./k, yields ks >3 k./k, , where k./k, is small.
In fresh or salt water, k./k, <0.11 so that .kp >3 1s equi-
valent 10 k.p>0.33 or p0.054,. In other words, the formu-
las [Eqs. (52}-{54)] are good approximations continuously
over the entire range mcluded between radial distances ex-
tending from a small fraction of the wavelength 4, air to
infinity. It has been shown** that the corresponding, sim-
larly evaluated formulas for all six components of the elec-
tromagnetic field of a horizontal electric dipole are 1n close
agreement with the general inteyrals. It may be assumed that
the same is true of Egs. (52)—{(54).

Itis interesting to note that the lateral-wave parts of the
formulas [Eqs. (52}-{54)] (i.e., the parts multiphied by exp
[ik \(z + d )]explik p)) for the three components of the elec-

Ronold W P King 84,9



FRT

e Y

tromagnetic field in Region 1 are very much alike. Except for
the added term i/p® in the formula for E,.(p, z), the first
square brackets are the same. This means that at distances
that satisfy k,p> 10 where k,/p>1/p®, the amplitude and
phase of all three components change with distance in the
same manner. Quite near the dipole k-p < 10}E .42, 21 be-
haves differer:tly owing to the additional term i/p’.

It is interesting and significant to compare the field of
the vertical dipole with the corresponding three components
of the field of the horizontal electric dipole.>™” Specifically,
and in general, the lateral-wave parts satisfy the following
relations exactly:

EL.p.6,21=[ —ki/k3)cos 6 E L. p, 2), (57
Etpé.21=[—coséET, lp.2) (58)

where the subscripts 4 2nd v denote the honzontal and verti-
cal dipoles and the superscript L refers to the lateral-wave
part of the field only. Note that E {,, ip, 2) and. 1n the direc-
tioné=0, E fp,, ip, 0, 21 are the axial components, respec-
tively, of the vertical and horizontal dipoles. Similarly,
EL ip.21and E 1, (p. 8, z1are the components transverse o
the axis of the dipoie. When the i/p* termdwith the horizon-
tal dipole it occurs 1 the formulas for £, and B, 1is negligi-
ble. i.e., when £y 10, it is possible to compare the compon-
ents more directly since they then are all alike in form. In this
case.

EL .8, zi=[ik\/kiicos 8 )E T, Ip, 2y, 591
EL .6, 21= (1k,/kyjcos & JE T, 1p. 20 1601
B, 0.8, = [ ik, /kscos & 1B Y, 1p, 20, i6h

In nther words, except quite close to the dipoles, the lateral-
wave fields of horizontal and vertical dipoles have the same
radial vaniation with distance except that the field of the
vertica! dipole is rotationally symmetric; that of the horizon-
tal dipole varies as cos &. Most significantly, the fieid of the
veruical dipole 1n Region 1 is smaller than that of the hon-
zontal dipole mn the direction é =0 by the factor k./k,.
These conclusions agree +ith those of Bafios' who found
Eqs. £591-161) 10 be true of his approximate and discontir.-
uous sets of quite differer.t formulas for the intermediatc and
asymptotic ranges, but not for the near field.

The general integrals for the field in Region 2 iairj, as
giver: by Egs. (29}-131), have not been evaluated. However,
with the boundary conditions, B.lp, 0)=B,,ip, 0},
E, 1p,0), =E, [p,0), k1E,.{p,0V=kE .ip, 0), the entire
field directly over the boundary surface 1s known. It is
B0, 0)

= — &k_g_elk,denkf[_i_k_: _ 1 —‘k—;-(i)lz

27 ki p P A \kp
Xe-:l._.plln::llk';t;]’ (62)
E,p.0)= — 2Ho (_k_ge""[e""'[”(—: -4
277/(] kl p P
_ ﬁ(i)”ze"**“‘ﬁ”‘f*.7] - —"e'kf}
k, \kyp <
+e,k,(p‘+d'l"_d_ ’k_I — .3@ - 3—:]), {63)
plo o p
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The lateral-wave part of the field when k.03 10 has the form
Ei(p, 0)=E 5o, O)[2 — k,/k )]
Ths is an elliptically polarized field with a very small angle

of tilt. With 'k ;/k ;' <], the inajor axis of the ellipse is al-
most vertical and the minor axis is very small.

V. THE FiELD OF A VERTICAL DIPOLE ON THE
BOUNDARY IN REGICN 2 (AIR)

When the vertical dipole is in Region 2 on the boundsry
id = 0), the electromagnetic field in Region 1 is given by Egs
i29-i31) with the subscripts 1 and 2 interchanged. — z re-
placed by z}\and d =0. Thatis,
ILL:\i’:p we d ro T — I,
B .= & K f S Juipiiidi; 230,65
27 Jo kiva—k:iv

iou, {~ s . ey
E _wp,2z21== : -J. — — Jipvi di, 220,
lad 2 Jo kjva—-kiy np
166
u, e: sl L
E, t , 2= — J - J,|/.pl/. d/., -/0.
=P - 2z Jo kr/z"'ks:"x ’

167

The integra®s 1n these expressions are the same as those 1n
Egs. 13941, when d = C. It follows with Eqs. 149151 that

: : k: s N\ *
B,p.2r= — Lo g :f:‘“-"[—-—; - i - ——(—

> € : I, 168
. ik A - 2
E ip.21=— ﬂi’{f‘ -'zew' ke 1 _ _( __)
27k, PP ki\hyp
pe mwiint ool _ls__] 69,
P2
E.p.z
L2 , 3 3
- ‘(U/{ll‘ ek:elkjv[lk_: _ l\;z- _ _[T _ _A_:(L) M
27k 5 p P p ky \kyp
X 5 AwAl wi .7]. 70,

This 15 the field in Region 1 when a vertical dipole 1s located
in Region 2 on the boundary surface, d = 0. It is seen to be
greater than the corresponding lateral-wave field {Egs. 1491~
{51)} when the same dipole is 1n the denser Region 1 atd = 0
by the large factor (k,/k.).

VI. CONGLUSION

Simple formulas for the electromagnetic field in a half-
space Region | (earth, sea, lake) have been derived when the
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source is a vertical electric dipole in the same region near its
beundary with Region 2 (air) or on the boundary in Region 2.
These complement corresponding formulas already avail-
able for the horizontal electric dipole.*~” They continuously
and accurately repret ent the general exact integrals over the
full range of radial distance from a fraction of a wavelength
from the source to infinity for all frequencies and electrical
parameters that satisfy ithe conditions (56).
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APPENDIX A: EVALUATION OF INTEGRALS
The first integral to be evaluated is

) .
_}{; F%A'd/ﬂ: —Iclk:’-rkglblkz,, {Al)
2 A
where
Ltks) =J th? — A% U ipidi;
0
Liky) = J' k2 = 2371 3 ipiA, (A2)
0
Lik)= — -‘-f k=i 29 o
p Jo o/
k2 l = 2 s 2y=1,2 7 2
=22 o 2| (k=AY MUl di. (A3)
pph

With Batemun, Higher Transcendental Functions JI, p.
95152y, the last integral integrates into — (i/plexplik.p) so
that

kﬁ i

Lik,) = = + — % (Ad)
P :
With k, = iB,
Lk, = —iJ:(/iZ+BZ)""zJ',(/ip)d/i
= —il,,,{B0/2)K,,,(Bp/2), (AS)

where I and K are the modified Bessel functions. However,
I,,21=1(2/72)" %sinhz, K,.(2)=(7/22)""%¢ . so that
I,,.12K, (2} =1/22)(} — e~ *)and

Ltks) = (17ksp)(1 = e™*¥).
With Egs. (A6) and {A4), Eq. (A1) becomes

f P A R
(4]

(A6)

(A7)
The second ntegral occurs in the formulas for the field
of a horizontal electric dipole. It is evaluated in Appendix C

of Ref 6 Subject to the restriction & 0> 3, it has the follow-
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ing simple form:

= (kI _A%\”
— | JAp)3dA
J; (k%—/lz) Ao

& - (B 4]
P p P
The third integral is evaluated as follows:

fx ’Joilip), ,,/lsd/i
o (k3 =42
1 (*d.,,.. AdA
=2 L) —24
pJ; 7 e e
- L[ e a
plb ki-A%H"

+ ki f AT 4 ]
Q

42,32

k3i—4%

—~
1

(A8)

(A9)

Here, the first integral is the same as that in{A 1}. The second
integral is evaluated with %, = i and Eg. 12} on p. 434 of
Watson's Bessel Functions with v = 1, g = 1/2. Specifical-
ly,

f LGP 4 — ioBp/t' K, i) = e,
SETHEVENE

1A10)
With Eqgs. A7) and (A10) in Eq. (A9), the result is

J>x —,Jo—vl‘pl—;/{}d/:= —-(ili';; -—_— ]is_ —_ L:)el;\_.p.
o (ki-‘/'s-)l"' P p° p:

APPENDIX B: G FUNCTIONS

The three functions G,, k = &, p, z, are defined as fol-
lows:

Gé‘p’=k§f[ k3k: -ﬁ)"ziké(kf — 47"
R 1—/12)”2 ]J'Mp ha .
G"(p)=k§f: [ PHUE —,iz)”%.luk%(k% ~ 4"
_ ml—}_ﬁ ](k} — A9V, Ao} M4, (B2)
- i
G‘w=k§L [kf(ki—/12)”2+k§(kf—/12)”2
- llz)m]Jo(ﬂpM YA, (B3)

They are closely related to the corresponding function G (p)
which occurs in the expression for the field of a horizontal
electric dipole and is evaluated in Appendix B of Ref. 5. They
will be evaluated in the same manner and with the same
approximations.

It is evident that the significant contributions to the
several integrals must come only when A 1s near k,. This
means that 4% can be neglected compared with k] since
lk}|>1k3|. Let the variable of integration be changed from
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A to 7 as follows:

A =ky(l + m7), dA = km dr, (B4)
where
m=k3i/2k3<], (B5)

and v is a dimensionless variable of integration. It follows
that

A2~ k31 +2mr);, ya= k3 — A2 = (= 2m7)'"?k,.(B6)
In phases, the representation of Eq. (B4) is used; in ampli-
tudes, A ~k,. For all but small arguments,

l[/‘tp - %m - {!]

T, (Ap)~ —;—Hf,"(/'.p)~(2fr/lp)' 112 (B7)

With Egs. (B4}-{B7', the three quantities [Eqgs. (B1)-{B3}]
become

. [ i
G ;~ksf [ : '
s o L Kk —2mA) T 1 k2K,

1 ( 1 )1/2
k3kyt —2mn)'? ] 2 7kop
X et =3B P e I dr {B8
Since A = 0 corresponds to 7= — 1/m, a very large nega-

tive quantty, the lower limit can be made — «. Since
k3k,2m)' */k 3k, = 1, Eq. (B8} can be written as

ik 2 2 1.2
G,' i~ — ""T(_) e*? =" *Hik,pm), (B9
4k \ wkip
where
17(k3pﬂl)=f [ __l _ ]e’“”’"'dr. {B10)
- =|. v -7+ 1 N\ -7

From Eqs (B2} and (B3), it follows that

,ki 2 172 . s
G,lp)~ - —,(——) e"** = 7*Hik.pm), (Bl1)
4kt \ wkp

k3 2
Gpi~ =
ak | \ 7kp

with H (k.pm) as defined in Eq. (B10). With considerable ma-

12
) e** =" Hk,pm), (Bl2)
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nipulation it can be shown that

H (k:pm) = zvf;e"/‘e — tkptk 32k E'J‘

k.prm

1 = '%e%dt. (B13)

I the notation of Jahnke-Emde,'® the Fresnel integrals are
defined as follows:
24 eu
C iS(z =f ——d! (B14)
2)+iS(z) L 2

Hence, and with C{«) = S{«c) = 1/2, Eq.{B13} has the fol-
lowing form:

H kpm) = 2m, 2% ~ hph YD {B15)
where
F === C [kptk3/2K3]
+ 1 %»-s [ksptk3/2k DL BI6)

With Eq. (B151 in Eqs. (B9), (B11), and tB12), the three G
functions become

.ki w 12 % L -
Gapr~ = 735 ) e A mi
(y \Rp
k: s 12 oo M -
Goo)~ = 17\_(;\__) ehre” PMMIRTF O BIS)
7 \kp
P2 (B19j

k: o 12 Chgrad 287~
G.\p)~ a(_) etre M 7
ki \kyp
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Erratum: New formulas for the electromagnetic field of a vertical eiectric
dipole in a dielectric ocr conducting half-space near its horizontal interface
[J. Appl. Phys. 53, 8476 (1982)]

R. W. F. King

Gordon McKay Laboratory, Harvard University, Cambridge, Massachusetts 02138

A more accurate evaluation of the integrals involved in
the terms with explik, p) in eyzations (50), (53), (63), and (69)
shows that this exponential factor should be explik,r.),
where 7, = [(z + d )? + p*]'/%. The corrected formulas are as

follows:
E{' ’p,2)= —w,uok§ {elk.l:-l-dlelk:p [iliz_ _ _1_ _ f—;( T )Vze—'k:ﬂkglﬂtf)y] _ l-exk,rg} (So)
o Zﬂk‘} p p2 kl k‘.’p p2 s
E,pfp,z)= — ko (f_g [e"‘-“"”e"‘:l’ [_’ﬁ - _l.. — _Ifi(_” )Vze—tk,p(k?zki;y_]
‘ 27k} \ K, P Vs ky \kyp
—_ &‘k‘:} — }_(i__d elk.r. - z4+d exk.r,) (f_/ii _ 3_k‘ _ l{)) (53)
P’ 2\ p p P) pe P
E, (p0)= _:_E)ﬁg(f_g_ [e""de"‘ﬂ’ [i}il _ -1_ _ k_;_( T )‘/ze—:k,¢k§/2k§)y}
i 2rk} \k, P P’ k. \k;p
jetkil o + 7' 3 2 'k2 r
- i_z___} 4 gl Pt +d) ii_(’__x _ _}% _ _3_;)), )
P P \p P p
and
- I3 k3 v kot
Btpal= Sope e [Lp— -y () e | T — (69
1 1 2

Also, the first sentence of Sec. V on p. 8480 should be
amended to read “When the vertical dipole is in Region 2 on
the boundary (d = 0), the electromagnetic field in Region 1 is
given by Eqs. (29}-{31) with the subscripts 1 and 2 inter-
changed, — zreplaced byz, JA! = 1 replaced by Id/ = — 1,
andd =0."

3366 J. Appl. Phys. 56 (11), 1 December 1984 0021-8979/84/233366-01$02.40 © 1984 Amernican Institute of Physics 3366
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Laterai-wave studies in a mcdel lithosphere

M.F. Brown, R.W.P. King,andT.T. Wu

G- don McKay Laboratory, Harvard Usiversity, Cembridge, Massachusetts 02138
(Received 29 October 1981; aceepted for publication 1 February 1582)

An experimental basis is provided for thz theorztical expressions associated with the £, lateral-
wave field due to a horizontal dipole in a condacting half-space of sea water. Both perturbed and
unperiurbed fields are studied in detail in a iaboratory model of the lithosphere. It is found that
rectilinear and wedge-shaped discontinuities at the air-water interface comprise effective
perturbations of E,, while submerged metailic cylinders do not. The effective perturbations,
localized in their effect on the overail propagation of tne lateral wave over several wavelengths,
have geometries chosen to characterize the broad plateaus and mountains of 2 real lithosphere.

PACS numbers: 41.10.Hv

I. INTRODUCTION

The mathematical physics of the propagation of elec-
tromagnetic waves at the lithosphere-ocean interface 1s of
particular relevance to geophysical exploration and subsar-
face communication. Modal analyses have shown that the
fields involved are those associated with a general class of
dipole excitation problems, in which the source dipole 1s lo-
cated in or near an idealized planar boundary between two
regions whose conductivities o,, g, and permittivities €,, €,
may differ over a wide range.'-

The methods of the Sommerfeld solution * for a dipole
in air above the earth have be. » applied with some modifica-
tion to infifiitesimal electric or magnetic dipoles embedded
horizontally in dissipative media. Since the definitive mono-
graph of Bafios® appeared on this subject, three important
refinements involving the electric field components may be
noted. The radial electric field component in the dissipative
medium (E,, component), which is the most useful for later-
al-wave or “up-over-and-down” propagation (Fig. 1), has
been numerically evaluated over wide ranges of distance,

frequency, and constitutive parameters.®’ An insulated
traveling-wave antenna suitable for subsurface communica-
tion has been designed®, an approximate formula for the gen-
eral, exact integrals of E,, over a contindous range of the
parameters has been reported.’

The refinements indicate that a proper choice of fre-
quency. constitut:ve parameters, and antenna characieris-
tics may be made ir: order to study lateral-wave propagation
effectively by means of a lithosphere-ocean model 1n the lab-
oratory. Tke purpose of ‘the present paper is to provide an
experimental basis for the theoretical E,, field associated
with such a choice of values.

Il. THE MODEL LITHOSPHERE

The model lithosphere of the present investigation is a
logical extension of that used in earhier studies by Brown and
Gangi'® and lizuka,''"* generalized to include a boundary of
sea water. The boundary 1nay be extended above the litho-
sphere layer by proper placement of a2 metal inage plane.
With such an extension, a planar slab of low conductivity

Sea » Loteral Ray
Water Fm— e — - = e e e Es
Air, - ':: 1l’ i
Lithosphere L Source .:_ E,
Dipole 2
near ] intermediote | asymptotic {far) FIG 1. Lateral-wave transmission from
source dipole S to receiving dipoles r,
and r, {top), theoretical |E, decay to 100
m (Wu's formulaj in three field ranges
< T . {bottom). /=600 MHz, ¢ =60,
50+ g=4.15/m,z=d=7mm
fos}
©
<
Q
w
-50 L ! | o~
(o] (o] 1 10 100
p In meters
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O Kthosphere feces of interest in present study shown
————————— ithosp! in dashed line.
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(air lithosphere, 0==10~® S/m) separates two regions of
high conductivity (salt water, o~4 S/m). The regions so
formed may be compared with the idealized model of the
earth’s crust of Frieman and Kroll (Fig. 2).

The following experimental specifications are detaiied
in Fig 3 The vertical, lithosphere embedded dipole of the
earlier studies is replaced with a pair of horizontal traveling
wave antennas located in salt water at 7 mm below the air-
water interface. The specific properties and design of the
anter.na are discussed in Sec III; designation is as S, and S,
in Fig 3 The bounds on the model lithosphere are indicated
in Figs 3(a)and 3(b} A metal image plane extends, at a verti-
cal distance A in air, over a half-space of salt water formed by
a rectangular enclosure (3.66m X 2.43m X 30.5cm). Dissolu-
tion of laboratory-grade NaCl (=125 Ib} in water brings the
conductivity of the dissipative half-space to approximately 4
S/m The precise values of the constitutive parameters of the
half-space have been measured periodically using the meth-
od of Smith"? and an insulated microwave loop anterna spc
clally designed at Harvard. The rectangular enciosure
shown in the top view of Fig. 3(b) is fashioned of plywood
with an insulating plastic liner; the 30.5-cm depth is effec-
tively one of infinity at the frequency (/= 600 MHz} at
which measurements are made. The planar metal bound-
aries R,~R, which lie alonz the x and y directions cf the
figure serve to image S, and S, transversely and longitudi-
nally In this way the size of the tank is effectively expanded.
More importantly, R, and R, may be adjusted to favor the
pure lateral-wave mode and suppress extraneous modes.
Such modes originate from reflections involving the sides of
the rectangular enclosure, in particular those due to the ¢
compone.t of the field set up by S, and S,. Reflections from
R, are less important due to the distance of R, from the
antennas; adjustment of R, serves merely to shift the phase
of the lorgitudinal standing wave.

Phase and amplitude measurements of £, are made us-
ing the receiving dipole of Fig. 3(c) with a vector voltmeter.

outer }COnductors

-51-

The dipole, adjustable from 0 to 1 cm bulow the air-water
interface, sits atop a plastic wheeled carrage. The sub-
merzed carriage is guided along a track at the floor of the
dissipative half-space; the track follows symmetrically the
axis y = 0. The carriage is mobilized by two synchronous
motors lying behind R;. A nylon te line rotares a plastic
circular wheel fitted to a 10-tusn, precision potentiometer to
measure vnits of regulated voltage-distance ~'; the distance
is incremented through control of motor revolutions by a
microprocessor, which may also be programmed to switch
sensitivity scales on the vector voltmeter. The electromcs
used in data acquisition, including 2n analog-to-dignal con-
version stage, is shown in the block diagram n Fig. 3(d).

Coaxial lines from S, and §,, precisely equal 1n length,
are joined in a T-adapter to a single signal hine which 1s con-
tinuous with the output of a rff power source {A pplied Micro-
wave C201). A single-stub tuner may be used between the T-
adapter and S, or S, to correct phase differences between the
two sources. A directional coupler/attenuator arrangement
reduces to less than 1.4 the voltage standing-wave ratio of
power reflected from S, and S, back to the rf source for
protection of its output circuitry.

The onerating frequency is /= 600 MHz which pro-
vides approximately six air wavelengths along y = 0, a pow-
er level of 20 W resultsina — 10to — 70 dB mW spread in
the magnitude of the signal at the recerving dipole. With the
existing choice of constitutive parametet 02<3.5S/m, the air
wavelength 4, = 50.0 cin, the water wavelength A, ~6.9 cm.

lll. INSULATED TRAVELING-WAVE ANTENNA IN A
SALT WATER MEDIUM

The general design criteria for the traveling-wave sub-
surface-communication antenna have been formerly out-
lined.®'™ Such antennas are necessarily msulated from the
surrourding conductive mediumy; the current characteristic

| 0.06700 Rod
[nner e e oue . BrOSS i
Cooxig! s Arr~,
Coble -- T ! Yyl ii—
2 ' s
- —Epoay— — — ——— — — == = — — == == Resistor
| Gloss 0237"00
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(o)
FIG 4 (a) Glass prototype travel-
mg-wave antenna for salt water
(b} Continuoasly enclosed plastic
Brasy fitting version.
Sheided R —-——- P€CE
Broid - = o T——-
I T . | Sin
_____ ] Lacrylic 024500 t  Resistor
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oquorium seolant
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FIG. 5. Field patierns of traveling-wave antennas in dissipative medi-
um. (a) Single clement. {b) Two-element array

of abare metal dipole attenuates rapidly when embedded in a
highly conducting earth or salt water. The equivalence of the
two-layered eccentrically insulated antenna with a lossy
transmission line has been demonstrated'®; the traveling
wave is generated through placement of a resistor at a dis-
tance ot approximately A;/4 from each end, where
Ag = 2mk [ ! for current of complex wave number &, . (In
the presence of the conducting image plane at x = 0 of Fig. 3,
the antenna is fed coaxially from the end, and only one resis-
tive termination is required.)

A glass prototype antenna designed for lateral-wave
studies [Fig. 4{a)] was of limited usefulness due to thermal
disruption of the epoxy-glass bond; more resilient materials
were ch.osen to prevent infiltration of salt water. The design
proven most effective utilizes a plastic enclosure which ex-
tenus above the surface of the air-water interface. The seals
are minimized and, where necessary, a silicon-based materi-
al of the type used for salt water aquaria has replaced the
epoxy of the original design [Fig. 4(b)).

Placement of two traveling-wave antennas [designed as
in Fig. 4(b)] is symmetric with respect to the central axis of
the tank y = O of Fig. 3, along which measurements of E,, are
made. Directivity of the field pattern associated with the
linear broadside array so formed increases with the number
of radiating broadside elements, although the two-element
array is sufficiently directive for lateral-wave measurements
of E,. The field pat. .n associated with the array is shown in
Fig. 5.

-7

oir-woter interfoce
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(V. LATERAL-WAVE FIELD IN THE ABSENCE OF
OBSTACLES

The field components due to an infinitesimal horizontal
dipole of unit moment (I,4x = 1) near a planar interface
may be written in terms of the coordinates and constitutive
parameters associated with the half-spaces of Fig. 6. The
half-spaces are of infinite extent in each of the three coordi-
nate directions; the air-water interface comprises the only
boundary. The existing theoretical expressions for the com-
ponents are of two types (hereaiter designated I and II). Both
types are motivated by tiie nced for astmple, accurate formu-
lafor E,,, the most important component. The general inte-
gral expression for E,, (discussed in detail in Ref. 14, p. 617)
implicitly contains the interesting and complicated aspects
of the field, but little physical insight is provided by
inspection:

= —2ocos g (J:A dA {k3JolAp) — ( A

Y7 4k 2 2

~ Lo}y expliv)iz—d )
+ L A dA {(y,Q /2 [JglAp) = JolAp)]

-

)[J(,(’:'PP

—W3P/2y [ lUdp) + TidpN  explivitz + 1))

(h
where
1

P=(yy—villra+ »)7h

Q=172 — &y lé 2+ &y
and

M ==l ¥, = (k=23 0=1, 2

The formulas of Type I, the Banos relations, are ap-
proximations of the Sommerfeld integrals over limited
ranges of the paramieters,® and comprise a set of approximate
formulas partitioned into three nonoveriapping distance
domains:
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The usefulness of the Baiios relations for E,, lies in the gen-
eral physical meaning abstracted from the expression:

E,, ~a,c0s & Fp) exptilkop + k\ld + 21},

where 2, = a,(k,,k,) is an amplitude function of wave num-
bers, and F(p)~p = for the near field, F(p)~p~' for the in-
termediate field, and F(p)~p~? for the far field, the chief
limitation arises from the disconnected picture provided for
E, over its entire range. This limitation, readily apparent in

100

the theoretical calculations which counterpart the expen-
mental results of the present investigation, is a pervasive one.
The near-intermediate zone juncture is not explicitly ex-
pressed in the Type I formulas; the complicated nature of the
field crucial to scattering and effects of finiteness in the mod-
el lithosphere are not presented in a continuous field
relation.

The formula of Type 1I, the Wu relation, is unparti-
tioned into separate distance regions.” The derivation of the
Wu formula from the general esact integrals for E,, n Eq.
(1) above is subject to two approximations: |k ? 3>k 3; and
p*>2%, p*>d . Their significance 1s discussed elsewhere.”
Wu’s expression for £, is

-10
_20 -
f= 600 MHz
G]r =60
-30 0;=41S/m
22d=0.27"m
% h=10.0cm
c =40} FIG 8 Comgarison of theoretical
- and expenimental values of £,, n
Q i obstacle placement region
w p>A, =500cm.
-50
------ Type 1 formulas (2)
=60 ..eeivies Type I formulo (3)
Experiment
-70 t 1 | | | L —
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where 7 1s given i terms of Fresnel integrals Cand S as
F =1~ Clkplki/2k3)] +if} = S [kplk 3724 7))}
The Type I expressions (2}, numencal evaluzaiions of the gen-

eral integral formula (1), and the above relation (3), designat-
ed Wu’s formula, are compared in Fig. 7.
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Ew 2zk3 cos & {explikilz +d |} explikp spaces Sounded in each of thres coordinate directions. Thus,

interest is in the field £7, of the model lithosphere of finite
extent, in its reiation to the E;, given by {2} und (3). In par-
ticular, of primary importance are these coaditions for
which |Ey, -- £} issmall. E§, isinflucnced by the param-
etersh, I, I, x, of Sec. I1{Fig. 3) and the relation they bear to
A4, theair wavelength. The 1/p deczy predicted by (2) and (3}
for the intermediate zone of the field is approximated very
closely by laboraiory measurements for k¢4, For hsmali,
the other three paramesers do not figure significantly in the
decay rate as measured afong the central azis y = Oof Fig. 3,
although some changes in the phase of the field are elicited

Comparisen of measured and theoretically predicted fieids is
in Fig. 8.
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V. LATERAL-WAVE FIELD !N THE PRESENCE OF
CBSTACLES

The types of vbstacles studied and the discontinuities in
conductivity which they model are shown in Fig. 9. Place-
ment of the obstacles is symmetric about the central axis
¥ = Goftkerectangular enclosure of Fig. 3. The use of styro-
foam (€ 1.03; is instrumental in the modeling of air-water
discontinuities, the air square wells of Fig. 9 are formed from
machined styrofoam sheets, while the water wells are styro-
foam-enclosed casings of salt water. Metal cylinders, both
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~=-=h =10.5 cm (previous)
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s
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vertical and ho.izoatal, are of brass.

The first st of scattering data was obtained with only a
small perturbation in the path of the lateral wave. The un-
perturbed E,, reference field is given as a function of axial
distance in the solid curve 1n Fig. 10. The vorresponding
phase curve is shown in Fig. 11. The phase is nearly hnear,
indicative of an almost pure tra.eling wave. A sheet of thick-
ness 2.0 cm, comprising a rectangular air well, was placed
with its length transverse to the radial propagauon vector k.
The ability of the lateral wave to propagate across the well is
apparent from Fig. 10, where the dotted and dashed curves

~
~
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F1G. 14. Measured |£,,| reference
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3eld pattern from the 9-cm depth, insofar as no standing
wave appears in front of it, while the propagating amplitude
is, if anything, incr=ased above the expected vatae. Of signifi-
cance to propagation in a real iithosphere is the fact that, in
all cases, the qualitazive features of the incident wave are
preserved downfield from the obstacle. The structure of the
wave is affected only locally, within x=~ + 2_/2.

Scattering by water wells and by otstacles whose shape
is more characteristic of mountains, given respectively by
ths geometries shown in Figs. 9ic), 91d), and in Figs. 9ie), 9if),
has been studied. In the discussion of these results a com-
parison is first made of data recorded at two plate separa-
tions, # = 10.5 cm and 4 = 111.0 cm; although close ap-
proximation of the unperturbed E,, field as defined by (2)
and 3} is strictly maintained for A</, similarly smooth
curvesth > /) suitable for scattering may be used. In Fig. 14
the perturbation of E,, is illustrated only in the “near re-
gion™ of the scatterer. i.¢., at distances x>~ = 4 _. An impor-
tant question to be addressed 1s whether or not the lateral
wave is strongly attenuated n intensity further from the
scatterer. Figure 15, 1n which x 1s scaled to 2.0 m or four
wavelengths, suggests that such a reduction does not occur.
The earlier data with /= 10.5 cm show that the mcident
field is not influenced strongly at distances to the left of the
obstacle, which in this case was a 2X 5.2 X 30.7-cm styro-
foam rectangular solid. For the recent measurements with
h = 111.0 cm, the obstacle was 16X 2 X 60 cm, its position
shifted to the left. Downfield from the obstacle the curve
goes through a minimum below — 70 dB but returns at
x==170cm toadB level analogous to that predicted thecreti-
cally for an unbounded, unperturbed propagating lateral
wave at 170 cm from its source. The mirimum is due to
configurational aspects of the experiment, in particular
those of the upper plate, and is inherent in the reference
curve for A = 111.0 cm. The mapping of such effects, which
are most pronounced for A=A, is too detailed and complex
to warrant inclusion in this paper.

Metallic cylinders hung from nylon thread have been
used as scattering objects when placed both perpendicular
and paraiiel to the propagation vector. The overall dimen-
sions of the objects ranged from less than 4, to several multi-
ples of 4. The results with A = 252.0 cm and 4 = 10.5 cm
are compared in Fig. 16. In every instance, the scattering by
completely submerged cylinders was too weak to provide an
observable scattering pattern; partial submersion of the larg-
est pieces resulted in a reflected and transmitted wave pat-
tern characternistic of the inverted shallow water well [water
“wall” of Figs. 9(d) and 14(f).]
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¥Y1. CONCLUSION

The dzcay rate predicted by existing theorstical expres-
sions for the £, lateral-wave field due to 2 honizontal dipole
Is given 2n experimental basis 1n 2 model ithosphere. The
measured field, under suitable configurational conditions on
the litkosphere’s bounding surfaces, follows the calculated
field closely. Even so, curves which decay less smoothly
owing to the effects of finiteness n the model hithosphere
may be used for inferences regarding the fields inctdent upon
and scattzred from the various obstacles outhined in Sec. V.
Theincident lateral wave is only locally altered 1in magnitude
and phase by cven quite large irregulanties at the air-water
boundary. This localization of effects to the vicinity of the
scaiterer is of fundamental importance to propagation stud-
ies of the wave in a real lithosphere.
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Lateral waves: Formulas for the magnetic field

R.W.P. Kingand T.T. Wu
Gordon McKay Leboratory, Harvard University, Cambridge, Massachusetts 92138

{Received 10 August 1982; accepted for publicaticn 21 September 1982)
New simple formulas are obtained as 2n approximation of the exact general integrals for the

components of the magnetic field generated by 2 honizontal electric dipole in 2 half-space of water
or earth near its boundary with air. These formulas supplement the earlier derivation of the three
components of the electric field which are repeated here for completeness. The formulas for the

traasverse ang vertical components are needed in treating the reflection of lateral waves from
plane or cylindrical boundaries.

PACS numbers: 41.10.Hv

1. INTRODUCTION

In two recent papers,  the following simple approximate formulas were denved from the general integrals for the three
cylindnical components of the clectnc field generated at 2 point g, &, 2 1% a half space of water, earth, etc., . Region 1, below air
«Region 2, by a horizontal electric dipole at z = 0 and at a depth d, also :n Region 1 .see Fig. 1, The wave numbers in the two

regionsarek, = B, + ia, = ol 1,&,)" %, where &, = ¢, ~ i, /wand¢, = €k,,. k- = -
a4, = u. = p,and for air, & = €,, @, = 0.

— i@, = e €' 7 Itisassumed that

il . : ki/ -\
E,p=— cosé[e‘"“'e*"”[" —53'——';——'(—)
27k} F P p ky \kyp
Xe-xk,zk?:kﬂy] ok o ez diE [_ + _]] flat
Elo = Uﬂ [ rk :—d,exky[_l_\‘_:: - L + ll\_; ik /Zkf.,-—]
wki PP 2k, lksOl‘ :
+erk.l:-d-p1[ﬁ _ ﬁ _i]_ .l_[e'kl’_é_e'k-’]{.ki _& __I_‘]] .
2*) pz p:‘ 4 p p' p { 1ot
iou k % k /2 k.p
£, =—2%cosd (— e"‘"“‘“[e"‘”[ 2 + ( ) = thtk 302k ""‘] L }
TRy ky p A
[z~ ki
+ —[Z d gt 4 2 : d e"” o ——3"‘ - —D (o)
In these formulas, & involves the Fresnel integrals. It is to ® s
defined explicitly in Eq. (21) later in this paper. These formu- By, = - o cos @ ( * f Toldpie™ = AdA
las were compared [see Figs. 2(a), 7, and 11 of Ref. !, and Fig, ¢
1 of Ref. 2] with the numerically evaluated general integrals (T ez s
. c + Ap) ~ J,(A
for a wide range of values of €, o), and the radial distance p Jo (i@ /2it/aito) = Lidpl]
with very good agreement.
It is the purpose of this paper to derive corresponding — (P /2)[JolAp) + Joldp)) e * A dA ) 2)
approximate formulas for thecomponents B, ,, B 4,and B,
of the magnetic field at p, ¢, z. The last two are useful in
satisfying the boundary conditions on the tangential com-
ponents of the electromagnetic field that determine the re- Regien 2 air, ¢, =€, 0,20, k,=k,
flection and transmission of cynndrnical waves at cylindnical i s ki 77 X
boundaries. Also useful for this purpose are the correspond- ~ © -” o Tl ¢/
ing formulas for the electromagnetic field of a vertical elec- y” Lam ,\ql\' .y =
tric dipole.> X E ssss 7 <l sz
, Consider first the components B, and 5 ,,. These are, : i E. (pd2)
) of course, directly related to the known electric field through 2 Region 1 tp
k

Maxwell’s equations. The general integrals for these com-
ponents in Region 1 when the source is a urit dipole (/47 = 1
Am) are [Eqs. (5.13) and (5.14) on pg. 618 of Ref. 4):
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FIG. 1. Radial component of electnc field at ( p,8.2) due to an x-directed

dipole at {0,0,d).
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B, = i-i‘zsinaj [e7=-¢ — v~y Y lipl 2dA,
78 0

3
where, with 1) = pt» = o,
==+ 7k
0= —&nVET: + &7 4
=thi=2Y9"% a=ki-AYR (5)

The uppersignin (2} apphs whcn z>d, the lower sign when
0<z<d.

The derivation of simple approximate formulas for B 4
and B, will be carried out directly from these genere! inte-

grals,
ll. AN APPROXIMATE FORMULA FOR 8,

As in the derivation of simple formulas for the compon-
ents of the electric field from the general integrals,* it is
convenient to rearrange the second integral in (2) with the
introduction of

P+ 1=27./72 + 73

Q - I = - 2?571/'&57’ -+ é|7§' (6)
Specnﬁcally, with these expressions, the second integral in
Eq. (2) is given exactly by:

EJ A r.l:-‘-dlldi_J.E{( éfl’l )
J; el o W&y +&7»

X ldpl = Ipl] + (22— )
V277

X [Joldp) + Joidp)) ]e"“: =4 dA. {7)

It is now readily seen that when &, = %, so that the two
media are the same, the second integral in Eq. (2} vanishes.
This shows that the first integral is the direct field at { p,é,2)
dueto the dipole at the point (0,0,d 1. Since the first integralin
{7} is like the first integral in (2), except for the exponential
factor, it is readily identified as the field at (z,6,0) of an image
dipole at {0,0, — d). Note that the fields of the source and
image dipoles are in the same direction when the point of
cbservation satisfies the condition z > d. This makes the cur-
rent elements in the dipole and its image in phase, so that
their field components B, cancel along the planez =d = 0.
Since the magnetic field of an x-directed dipole is well
known,* the exact expressions for the two integrals can be
written down. With the previously imposed cendition,

P>z 4+disiz—dy (8)
so that
r, = [pz + (2 - d)2]112~

r,=[p* + 2 + d*]'"* ~p in amplitudes,
folpz—d)= if JolAple =412 dA
0

ik I

~[_ LY P 9
. p3]( ) (9)

Folpa+d)= [ Iidpjersc=n aa
0

'3/

~e"‘"’[%2'— ~ ;]5](2+d) ; (10)
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where the upper sign is for z > d, the lower sign for 0<z<d.
Let

Fipz+d)=Fypz+d)+ Fypz+d) (i

where
J’ ( &7, )
o 5-2'/1 -+ En?’z

X [Jip) — Jtip)let <=4 d7

Foz~di= -j( 7 )
0 \72+ 7

X [Jolip) + Jp)}em A dA. (13
Then Egq. (2) is given by

Flpz~d)=

B, = — £2cos6 [Flpz—d)

+Falpz+d)+ Flpz+dl]. 1144

Since Fyl pz — d Vand F 3! p,z + d } are known, it remains to

evaluate Filpz+d) as the sum of Fipz~+di and
Fy{pz+d).

Theevaluation of F( p,z + d }asdefined in Eq. (11iwith

112 and (13), will be carried out subject to the restnictions of
Eg. (8), and

T RE S 115)
The following approximation is made
Fpz+d)~F,p0e*:-7. (16)

Thisisdiscussed in Ref. 1. With (11), {12), and (13}, it remains
to evaluate

Fy{p,0)= —J- ( L4}
0 65‘/, + €|7’

— )Udpr — Iapili 2,
(1t

Fip0l = — f ( € )[Jol/lp)-e-le/Ipl]/i di.i'8)
0 A2+

L. EVALUATION GF ~(p,0)
The 1ntegrand 1n Eq. {17) can be expanded as follows.

Fipo= -2
0

I S R

-Jlo : &Y, 1+ €112 €72

I8 [JAp) — JAAp)IA dA

2

Xoldp) = J{Ap)2 dA. ()

Here the second integral is closely related to the fanction
G (o) evaluated in Appendix E of Ref. 1. When note is taken
of the fact that the integrand becomes large only whan A is
near k,, so that k2> 4 ? in the range of significance, the sec-
ond integral in Eq. (19} is the same as G { p)/k,, where

172 oy 2
Gipr= — 2k i/ky) 7(11) oy~ PRI G )
vk

Here

y=[%_ (ZkZ] [—_S(zkz)}’ -
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and Clz) + iS(z) = of (271 )~ '/?¢"d1 isthe Fresnelintegralas
defined in Jahnke-Emde, Tables of Functions (Dover, New
York, 1945}, p. 36. Thus, with &./&, = k3/k} and k, = i,

k2 32 172
Fl(p:O) 2 J- (/ B ))”1
X[Jo(ﬂp) —LApRdi+Glpl/k,.  (22)

Let the following notation be introduced with reference toa
function f(4.8,k.):
fABk) =fA~BBk),
f‘.'(/:-B»kz) =f “ ~k2,,8,k2),
fiAB.k) =fld~ kzﬁskz) =fild ~B.B.k,).
Witk Eq (15), the following approximate relation holds:
SBRN~[AB )+ A BK) — flA LK) (23)
k33" Then

In Eq. 22), let flABksi = A2 + B /A —
fIA Bk =A%+ BAA; fABK)=B/A% — kD
fui Bk =B /4. With Eq. 23),

|/::+B:'| 2/‘/:2—1(%)':

S APEBW VAL BIA kN T =B/A (24)
Witk Eq. (24) in Eq. (22), this becomes
k3
Flp0~Z5 {1, + 81, —BIc} + Gipk,,  (25)
where
I, = J (A3 + B3 2 Jio) — Jalip))dA, (26)
(1]
Iy = f U3 = k37 Jdp) = Jadpl)AdA,  27)
0
and
Ic =J‘ {Voldp) — JolAp)dA. (28)
0

It is shown in Appendix A that

11
-z [/3101 Bo/ MK\ Bo/2) — J
p p
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'k2 k2 -,5
FZ(P.O)“'"'Z—[ nl By ( uk! )
ki Lkip kp? 2k3p?
Lk e,,@(ki . ik’z)]
P pF
+ Gla (32)

k,
V. THE EVALUATION OF F5( p,0)
The integral in Eq. (18) can be rearranged as follows

Fy{p,0)= —f Xl = W) (5a0) + Tudp))A dA.
o V-1
33)
In the integrand,
7aA¥2 =)
="
k23— k3 —AN kT A7
= —— s — 4 “ v 4 . 134
k3 —kj
With k, = i3, this becomes
VAV — 1)
n—n
RN IETY SN S TE I R
_ A 3 IA i B { 2 . (35)
ks +8° .
The approximation (23) is now applied to fl4.B.k,)
=4 =k} +BY? 0 give  fildBk)
=AA2+BY% flABk) =B —k3)% fABK

= BA. Therefore, with (23),

Ydva— Vi)

[AAT+BH'?
n-n

k‘ﬂ

+B0A: = —-BA+kiI-A%].

(36

When Eq. (36) is substituted in Eq. (33), this can be expressed
as follows

k g}ll‘_’

1
F( ,O)=— S Y 1 +B]
21 P o ki+pb° o+ Ale
~__;[——-—ze "(i-}- )]
pLBp N —Ble + k3l —1y], (37)
; 1 where
o~ — 2[;——3 - ie'k'n("? + 2k )] (29) *®
P p "3 I, = J A2+ BY 2 [Uodp) + LiApAZdA,  (38)
0
where the 2pproximate value on the right is a good approxi- AR 1 ;
mation when Iﬂp|>3 IE - b ()' —k:) [JOMP)'*'J‘.’MP”’{ dx 3 1391
i L I = [ Whlip) + JutolA*di. (40)
w25 o
k - p k;‘p «©
(30) I; = J; [Joldp) + JolAp))A dA {41
- 2k 1 i
Bl, = 2k e"‘w( + —_) .
; > I = [ Udtp) + HidplA " di. @2
Ic=0. (31) These integrals are evaluated in Appendix A. Their values
It follows that with § = — ik, Eq. (25) becomes are
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-
-

7—1.(Bp/2)K.(ﬁp/2)

~%fl[1+ie-ﬂﬁ(1+ ?l%p)]

where the expression on the right is a goed approximation
when |Bp|>3.

I, =

43)

le=—2% + Lo, (44)
£ P

=2 (45)
p
2

I, ==, (46)
>

Iy =0. @7

It follows that with 8 = — ik;,

1 2ik 3i
Fylp.0)= {— : [l -%-I'e"‘"’(l + —-—-)]
A= mm 1T %p
: 2ik 2k3
_2L,[I‘—§ + _I:;eks’] - :”‘Tl + _—] (48)
7P p o

When small terms of magnitude & 3/k ?; compared to one
are neglected, this becomes

1 2 3i
Fipo~ e 2+ 2]
A#0) Ky [e P> kpt

(49)

V. FORMULA FOR B,,

When Egs. (32) and (49) are combined, and terms of
order k 3 /k 3 dre neglected as compared with 1 and with kp,
the result with Eg. (16) is:

k3 j
Flpz+d)~ 1 [Zie"‘“’[——“— + -’5,’— - —13
k, p pFoop
tk o 2 3 G tky(z + d) 50
+e —3+——k4+(p)e . (50)
P w

When Egs. (50, {9), and (10} are substituted in Eq. {14), the
expression for the ¢-component of the magnstic field as-
sumes the following explicit but approximate form:

B — Ko
¢ 2k,

X[”‘§ _k_ _k_;_(i_)me-'kﬂéfzki»y]
p PPk
1

+_e:k.(¢+d+pl[% + 3'.4]

P kp

2
- ik 2
+ _l_[z__ie"‘-'-.f. _z._'*_'_‘ie"‘-’z][’_.'_ - k_;”,(sn
2L p p PP

cos tk,(z + d)elk:p

where 7 is defined in Eq. (21). This formula makes use of the
approximate values of 7, in Eq. (29)and J, in Eq. (43}. These
are valid when |k p{>3. For smaller values of 40, the more
accurate formulas for 7, and /,, in Eqs. (29) and (43) can be
used. However, the condition (8) must be satisfied.
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VI. FORMULAFORB.,

The desired formula for B,, can be obtained quite sim-
ply from Eq. (3) when rearranged as follows:

Bl: = W—O'SinéJ‘ [etr.l:—di __e:r.(:-di
4 o

—{P— Ny - U Ap 2 dA, (52
where P—1=(y,— ¥/t +7v)— 1= = 21/ly. + ¥y
Let

iy .
B,, = sinéd |G, -d
yom [Golpz —d)

—Gilpz+d)+Gipz+d)]. (53)
In this expression, the first two terms are the direct and im-
age fields which are known. Thus, with Eq. 16{bj on p. 700 of
Ref. 5 (with coordinates permuted), the direct field due to the
source at {0,0,d } is given by

Golpz—d)= f e 4y T )i 2 dA
(4]

= - e"‘"'(-lfl -+ -—I;) .
p P

Simularly, the field due to a codirectional image at 0,0, — d
is given by .
Gé([),z +d) - [. e:y,vzody.yl- 'J.(/iplﬁ :d/:
JO

= —e"‘"’(f-'- + L,)
p

In these expressions rn=[p*+z—-dy)?,
r.=[p® + (z + dy]"? the approximation r,~p~r, has
been used in amplitudes, since it is assumed that p*>2,
o'»d?

The integral to be evaluated is

{(54)

{55)

Gipz+d)= 2f e Ay, )" AU P dA.
’ (56)

As in previously derived formulas, this is evaluated with the
approximation

Gl psz + d)~G,( p,0)e* =2, (57
The justification for Eq. (57) is given in Ref. 1. Thus, the
required integral is:

GipO =2 j (2 + 71~ \idp)d 2 di
0

2 Jw 2 212
= —= | [k2-ayn
ki"ki b [( 1 )

— (k3 ~ A2} (ApW 2 dA. (58)

In Eq. (58, wuse is made of the relation
(7> +7)" "= (¥, = ¥/l — 73). As shown in Appendix
B)

I =f (k% =A%) A0 dA
O

=e""’(£k—;' - ilT{' - '2:')' 159)
PP P
so that with |k 2|>|k 2|,
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2 ¥, ik} 3k, 31)
G,(p,0)~ evo{—L - 201 _ 2
s | F PP
ik3 3%k, 3
—e"""(p—f -5 3] (60)
P J
kz g .
‘Tkl p' p P
-—e'kﬁ(ik: _ 3_1(3_| _ ﬁ)] [elkr, lkr][
p P p

This is the final formula for B ..
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When Eq. (60) is substituted in Eqg. (57), and this is used with
Egs. (54) and (55) in Eq. (53), the resulting expression for B,
is

(61)

ik

—

Vil. APPROXIMATE FORMULAFOR 8,

The evaluation of the component B;, from the general
integral formula {Eq. (5.12) on p. 618 of Ref. 4]:

B, = - £o gng ( iJ- Joldple™ =2 A dz
47 o
+ J {(Q /2)[Jolip) + JxiAp)]
0

— (P/2ap) ~ g eT= 0 dR ), (62
where Pand Q are defined in Eq. (4), y, ana ¥, in Eq. (5), anﬂ

the sign convention is the same as for Eq. (2), leads to certain
integrals which do not apper to be expressible in simple
form. Its evaluation from Maxwell’s equation

Bym - L[L% 2]
p oh dz

involves the potentially not highly accurate differentiation
with respect to z. In the absence of a better formula, B,, will
be determined from Eq. (63). Its accuracy will be checked by
direct comparison with Eq. (62).

From Eq. (30) for E,, and Eq. {59) for E,. in Ref. 2, it
follows directly that:

(63)

3E, ; k2 . 184 7 \172
_]_d L dwpe smé[ - e.k.;z*d.e.k,,[_/\_: + _’_3 + f_Z_(___)
p 0d 2wk, ki PP kp \kyp
Xe_.k,xkg/zki;c-] ___%enk,(:-b-d-o-pl _]_
ki I
+ s
__[ lk,r, + 222 z+d 1kr:][£;_ + 3_: _ 34]} (64)
p p- P kp
iElé lwp, sin & [eﬂ\.l.*d! tkp[ZkI - & ’k { \'" .k,p(k§/2k§>3;!
% Ik, > k,p\k »
+e.k.c +d+pi[{£i — .2_1.(_' —_ 2-]
p P p
1{z—d ,, d .. [k &
gt o5 )
2t p p p PP
When these are combined in Eq. (63} and terms of order & ;,'A | are neglected, the following formula is obtained
B, ~ — 2 sind {e"‘"‘*""e"‘w[zﬁ LN ik (_-) 2e""“’”‘§/2‘ f'?]
2k, PP kp\k
Lt -d,p,[lk _ 2% _2_}
p PP
1fz=d ., d .. [k : ' |
__[_ 4 2td A][ Lok Ay 34”_ (66)
2 P p pp ©
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5 isdefined in Eq. {21). The lateral-wave term in this expres-
sion is associated entirely with £, since the term relating it
to E . is negligible.

VI COMPARISON WITH NUMERICAL VALUES AND
CONCLUSION

In order to verify the accuracy of the three formulas for
the magnetic field, ihe general integrals (2), (3), and (62) have
been evaluated numerically for a critical range of the radial
distance p with the depths d of the dipole and z of the point
where the field is calculated chosen to be different. The
denser Region 1 is characterized by €,, = 45,0, = 3.5S/m;
the frequency used is f = 600 MHz; the second region is air.
Since the approximate formulas are quite accurate at large
distances, a much more critical range within 20 air wave-
lengths of the dipole was examined. This is important since
the new approximate formulas are assured to be good ap-
proximations only when p*>d?, p>»2°, which may be inter-
preted to mean p>5d, p»5z.

Graphs showiug |Hy,t =po 'I1B,i and
H,.i=pq '|B,;) areshown in Fig. 2, |H,, | =p¢ '1B,,! in
Fig. 3 in the range C.C0! <p<10 m. The agreement betwzen
the numerical computations from the exact integrais and the
approximate formulas is seen to be excellent in the specified
range p»5d = 0.035 m, except in a very narrow range
between p = 0.07 and p = 0.09 m for H,,, where the direct

1Hpl numericol

-------- 1H1pl Wu's formulc

IHy 1 numericol
00000 iHyl Wu's formule
E;=45, G235 $/m,¢=0007m
: 2200035 m, 1600 MHz

. Predicted range of
¢ ceeurecy for Wu's H,
foszaulo 4

20 log)g 1K1 (dB)
<
|

-50

[ | T
000 001

p In meters

FIG. 2. The components H ,, and H ,, of the magneuc field at depth zdue to
a honzonta!l electric dipole with unit moment {4/ = 1 A m) at depth 4 in
salt water. Restriction on Wu's formulas. p,, 5d = 0.035 m.
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1H 4§ numencol
xxxx IH 1 Wu's formulo
£,:45,0,:35 S/m

a:0007m, 2:00035m
£ 2600 MH2

=ePredizted rezge of occarcey for Mu's faeavin

20 109, IHyg1 (48)

Goor 501 0

p n ometers

«

FIG 3 The component H , of the magner. ficid at depth = due v a honi-
zontal electriv dipole with unit moment (/3. = | ~ m, at depth d.n salt
water Restriction on Wu's formula. p»5d = 0035 m

and lateral waves interfere.' Very small changes .n frequency
significantly alter the intecfcrence pattern so that close
agreement in such a region carnot be expecied At lower
frequencies, the direct wave is atten’:ated more 1apidly. and
the interference phenomena are restricted to even shorter
distznces from the source. As i Jiecase of the electric field,”
the range of significant interfer2nce with the parameters
used is only 8 or 9 cm {rom .ne source. At all greater dis-
tances, the three approximate formrulas are highiy accurate
and are sufficiently simple to permit very rapid calculation.
Note that despite iss possibly less accurate derivation, H,, is
alsoin excelient agreement witkh the numerical evaluation of
the exact integrals.

With the new approximate formulas for the three com-
ponents of the magnetic field now added to those of the elec-
tr.> field already available, the compleie electromagnetic
field of the horizontal electric dipole 1n the earth or water
near its inierface with air has been provided 1n simple, con-
tinucus, and accurate form.
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APPENDIX A: EVALUATION OF INTEGRALS FOR 8,,

In the evaluation of the several integrals, the following
relations are useful:

Jole) + Jyfz) = %J‘(z) (Al)

Jolz) = Jo(z) = 27 2). (A2)

When Eq. (A2) is used in I, as defined in Eq. (26), this be-
comes:

2 * 2 el a
I, = ——f A? Hr g
=k A +p57 ) 1(Ap) dA. (A3)
Integration by parts gives:

I, = 3 (22 + 832700 |
4 0

2 (% ..
- ;—J; (A= + 8%~ 14p) dA. (Ad)

Here the integrated term vanishes at both limits and the re-
maining integral can be evaluated with Eq. (38) on p. 26 of
Bateman’s Table of Integral Transforms, Vol. I1. Withy = 1
in this formula, it reduces to

[ e

= /31" =2 ( BP/Z)K:\- + 1*,/2( BP/Z)- (AS)

The addition and subtraction of the two formulas obtained
with upper and lower signs gives:

[rtmar= 170z ppmpmar o
o pJo

1
=4I, _ n/z(BP/z)Ku - n/z(ﬂp/z) - ;’ - (A7)
With v = 1,(A7)1s the same as the integraiin Eq. (A4). Thus,
2
Lo = = = LI Be YK Bp/2) = V/p)
~- 2L —ie”’"(l-,L —'—-)] (A8)
P LBp 28p

The approximate formuia on the right makes use of the large
argument approximations [z}~ [¢* /(2mz)'?)[1 + 1/82
+9/1282°) — [ve ~* /(2m2)' *)[1 — 1/8z + 9/1282°);
K\(2)~{m/22)' e ~*[1 4 3/8z — 15/1287°). It is a good ap-
proximation when z>2.5.

The integral /; as defined in Eq. (27) can be expanded as
follows:

fo=2 =k uan

-fmuz—kgr”H%Mm+wA@mA¢L(Am
0

The use of Eq. (52) on p. 95 of Bateman’s Higher Transcen-
dental Functions, Vol. 11, for the evaluation of the first inte-
gral gives:
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f (A7~ k32U ApM dd = *¢/p.
0

The second integral in Eq. (A9) can be evaluated with the use
of Eq. (A1) and formula (3) on p. 435 of Watson’s Bessel
Functions. With them it becomes

(A10)

%f (2 — k22 Ap) dA

2 . .
= ; Iy o = ikop/ 2K, 1o ~ ikop/2)

_%.i—(l_e'k#’) .

kyp?

i

(All)

The final step in (All) makes use of the formulas

I, jp(2) = (2/72)"? sinh 2, K {z) = (7/22)"/%e~*. With (A10)
and (A1), it follows that:
e i "
13=2[ - — (1= =")]. (Al12)
kp®

The integral I defined in Eq. (28) can be transformed
with Eq. (A2) to give:

1C=2J J;(,ip)au:if (21 dz
o p Jo

o] o«©
=257 =0 (AL3)
p o

The integral I, defined by Eq. {38} can be transformed
with Eq. {Al) to give:

I, = %f A2+ BH (A dA
0

2

p Jo
The application of formula (4) on p. 435 of Watson’s Besse/
Functions gives:

2
I,= ifg—f,(ffp/zyk.wpfz)

~%[1 +ze""’(l + _22—p>]

A4+ BHY_(ApW dA. (A14)

(A15)

where the approximate formula on the right is obtained with
the iarge argument approximations I,(z)~{e*/(27z)' “}(!
— 3/8z — 15/1282°) + [ie ~* /(2m2)" [t + 3/8z — 15/
1282%), K \lz)~(m/22)"*e ~ *[1 + 3/8z — 15/1282°).

The integral /,; defined 1n Eq. (39} can be transformed
with Eq. (A1) as follows:

I = lJ. (A7 — k), Ap) dA
p Jo

2 (" 2 a
= - ;_72_.[) Ar=k3? Jo(/Zp) dA. (A16)
This can be integrated by parts to give:
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o=~ Z [ — k3
p 0
- [Cer -k o an |
(o]
thp ;
- _27(,-;(2__ _"__)= _21'[1‘—3 + i,e"w]. (A17)
P P PP
The value Eq. (45) of the integral I, as defined in Eq. {40) is
obtained from /¢ with &k, = 0. I; in Eq. (41) is integrated
directly in the form:

Iy = lf Jp) di = ij Jixdx= 2. (AL8)
p Jo pJo P
Similarly, I, 1t Eq. (42) can be expressed as follows:

I *
fo=2 [“oupnrar= 2 [ rixax
pJo ptJo

= 2 ixwm| =0 (A19)
p lo

The integral is evaluated with formula (1) on p. 132 of
Watson’s Bessel Functions.

APPENDIX B: THE INTEGRAL FOR 8,,

The integral I, defisied in Eq. (59) can be evaluated with
formula (2) in Watson's Bessel Functions, p. 434. The substi-
tutions v =1 and # = — 3/2 in that formula give:
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f (x 2 + kY2 (xa)x %dx
0

a—3/2k s/2
= 3:-3/21_‘-—(-_—172—)-1(_5,2(01( ). (BI)

Since K_,(z2=K,(2), and I'(-1/2)= —-2I'(1/2)
= — 27'2, it follows that with k, = i:

[Tt 2o 4
(]
- ir(,i 24 B2 i) 2 dA
0

i 2 172 ,

= - E(Z) %%, (B2
p NP

With formula (10.2.17) on p. 444 of Abramowitz and Stegun,

Handbook of Mathematical Functions, viz.,

K (ﬁp)—(—” )me""’(l N I ) (B3)
2 = - = S A0 ;
¥ 260 B B

and the substituuon § == — ik, the expression on the nght in

Eq. (60) is obtained.

'T T Wuand R W. P. King, Radio Sc1 17, 521 (1982)
T T Wuand R W P King, Radio Sc1 17, 532 (1982}

R W P King,] Appl. PLys 53. 847611982}

‘R W P King and G S. Smuth, Antennas in Matter IMIT. Cambridge.
Massachusetts, 1981), p 618

‘R W P King, Theury of Linear Antennas iHarvard Univ , Cambndge,
Massachusetts, 1956), Ch VII
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Erratum: Lateral waves: Formulas for the magnetic fieid [J. Appl. Phys. 54, 507

(1983)]
R.W.P. Kingand 7. T. Wu

Gordon McKay Laboratory, Harvard University, Cambridge, Massachusetts 02138

In Eq. (Ic} the + sign at the beginning of the second
line should be — . Asa consequence, in Eq. {64), the + sign
at the beginning of the third line should be — , and in Eq. (66)
the last square bracket should be

[t‘kf 2 3 ]

—_— s 2
p e’ ki p? J
The authors thank Dr. P. Bannister for discovering this er-
fOr.

In Eq. {51), a large left brace should be inserted after
cos ¢. Equations {A6) and (A7) have been run together. They
. should read

=Bl 02 B0/ DK s 12\ B0/2) ~ 1/p. (A7)

If approximations of the type (16) and (57) viz.,
F(p,z+d)~F{pOexplik,(z + d}], which uaderlie the
evaluation of the integrals for all components of the fieid, are
used oniy in those integrals that involve explik, p) and not in
those that involve explik, p), the lartter can be evaluated ex-
actly with the help of Bateman’s* formula (52} or formula
6.637(1) of Gradshteyn and Ryshik.? The only resulting
change in the formulasfor E,, E,, B,,, B,,, and B, is the
replacement of exp{ik,{z + d + pj] wherever it occurs by
explik,r,) withr, = [ p? + (z + d )*]"/. This change leads to
slightly better agreement with the namerically evaiuated

J. J(Ap)dA = 1/p, {A6) components in a narrow range near the lower limit of p in the
0 conditions p>5d, p>5z. It becomes significant only when
interference minima occur in this range. These are very sen-
f A2+ B8~V (lpW di sitive to small changes. The complete corrected formulas are
o ¥ as follows:
i
: ik 4 1/2
E, = (U,Uzo sin & [ell\,(z+d)exk=p (k_i + L} + ’_k_z_ T — e-.kmkgrzk‘,’nj‘—)
1 P P 2k, {k, p) -
+ e'kl’= ﬁ —_ ﬁ —_ _L -— l tkyry 1R yry (Ik% kl d \
2 R ‘Z‘(e +e )\" ——2'—'—3') , {1b)
, p p P
k ; ik} 1
E, = 2:/;:(; cosé(IZ_ [e.k.u*weu.,p [ﬁ + _l: + _ﬁ( T \} ze-:k,p(kg/ufly]
1 1 P p by \Nkyp!
e:k,r, 1 /z— d 3+ d k 2 .
- — } -— _2_( elk.r:+ Z - elk.’:) (_L + &E_‘. — -3?)) s (l(‘,‘
p P p P P o
By~ —Ho cos é {elk.(2+dlelk,p ['_k_g _ ﬁ _ _I_ _ _ki( T )I/ze—'kap(k?Zkflr;]
2k PP P K \kyp -
U ok (2 3 Vfz—d ., z+d ., \(k} &
PG ) + 3 (St e (B K] (50
P 1P P 4 P p/
.*—
- iﬂo : ki(z iky 'k§ 3k 3 1k,r. ’kf 3k 3 1 'S ik?
le~ e an¢[el ( +d)ekp(__2_ - _32 — __‘) _ek.g(_i_ _ __Jl - __:_) + _(etk.r,_e:k.r,)(_l_ _IL _‘,l)],
1 P P P p » P 2 I -
(61)
iaEu o _—lopg sin ¢ {_k_gelk.(z-o-d)elk,p [ﬁz_ i + ik 3 (_ﬂ'- .)llze-uk,mk§/2k})y]
p 9 2wk, ki PP kip\kp
kiedn 1 (z—d . . z4+d k, 3 3
lrrm ——2-( e 4 e"‘-") (—21 + 5 - ———4)} (64)
P p p Pt P ki
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2%, , 2 ik3 ( T )Vze—lk,p(k§/2k§|y]

P’ ;7_3 kip \k:p

)

JE i, . .
16 _ lope sin é gkt +dlgikap
oz nk,

3 gk (.lk_i - _Zﬁ - &) - _1_(5:1 ek 4 z_ﬂe‘kx’z)(f'k_? — &‘. - —
2 3 2
AN P P P 2\ p P P p

- g ; ik 3 12 _ okl
B, ~ Ho sin ¢ {exk.(:-f-d)enk:p [_2_% + 313_ ik 3 ( T ) .- k,p(kz/zkhj;]
2wk, PP kp\kp

+e;k,r, (ﬁ — 3@ _ _2_;) _ _1_ /_Z;l_i_ elk|’| + f_id_elk.r:)(ﬁ + gl; —_— ——
AN P P 2\ p P P P

'H. Bateman, Higher Transcendental Functions, Vol 1 (McGraw-Hill,

New York, 1953), p. 95.
2] & Gradshieyn and I. M. Ryshik, Tables of Integrals, Senes and Products

{Academic, New York, 1980), p. 719.
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On the reflection of lateral electromagnetic waves

from perpendicular becundaries
Ronold W. P. King

Gordon McXay Laboratory, Harvard University, Cambridge, Massachusetis 62138
(Received 31 October 1983; accepted for publication 3 January 1984)

Lateral electromagnetic waves propagate along the boundary between an electrically dense half
space (z>0) with the wave number &, (earth, water) and a less dense half space (z<0) with the wave
number k, (}%.]2<|k,}?). The scattering of such waves by vertical discontinuities in the denser half
space {k, changes to k;) is analyzed. It is shown that the reflected ficld is very small even when
k;— . Also analyzed are the reflections from thin vertical walls of height L of the denser
medium projecting vertic.ily into the less dense medium. These are studied specifically when the
walls are made of metal. It is shown that reflections are small when k,L <1, but very significant
when %,L > 1. The standing-wave patterns due to incident and reflected lateral waves are

determined and shown graphically.
PACS numbers: 41.10.Hv

L. INTRODUCTION

The propagation of electromagnetic waves along boun-
daries has been of interest to physicists since the early work
of Sommerfeld. It 1s mvcived 1n geophysical exploration,
over-the-honizon radar and remote sensing. Some of the
most 1nteresting applications are related to regions of the
earth that are near the bovndaries between quite different
materials. Examples include the surface of the earth (so1l, 1ce,
salt, and fresh water) adjacent tc air; the sea bottom (rock,
sediment) next to salt water. In some nstances the regions
along the bounding surfaces are relatively smooth, in others
they are interrupted by discontinuities, projections, and de-
pressions. The propagation of electromagnetic waves along
boundaries between quite different media 1s predominantly
Dy lateral waves. This 1s well understood along smooth boun-
danes,'” but the scattering of lateral waves at boundaries
and discontinusties 1s not well understood. It 1s the purpose
of this paper to analyze the reflection and scattering of la-
teral waves at vertical discontinuities on both sides of the
boundary between air and earth {(water).

When a horizontal dipole antenna 1s located 1n the earth
or water {Region 1) parallel to its plane boundary with air
{Region 2), a complicated electromagnetic field 1s generated
in both regions. This 1s described accurately and in general
by complex 1ntegrals for each of the s1x components of the
electromagnetic field.>* It has been interpreted in terms of
simple approximate formulas due to Baios® that are valid in
Yimited ranges of the parameters and variables and, more
recently, in terms of quite accurate general formulas.®
These last are restricted only by the conditions

P>V’ pan2, p>d % |k, p|>3, (1)
where &k, = B, + ia, is the wave number of the earth or wa-
ter, k, = kq is the real wave number of air, 4 is the depth
below the surface of the source dipole, and the point of obser-
vation is specified by the cylindrical coordinates p,8,2, with
Region 1 defined by 2,50, Region 2 by 2<0. The posiuve x

axis lies along the axis of the dipole and 1s the ongin for the
cylindrical coordinate ¢. This is shown in Fig. 1.
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The first part of this investigation is concerned with the
behavior of the field generated by the dipole when the prop-
erties of the denser Region 1 change discontinuously as at
the edge of a lake or ocean. Specifically, for convenient mea-
surements in the laboratory, attention is directed to the na-
ture of the electromagnetic field when the denser region con-
sists of a semi-infinite cylinder, Region 1, defined by 0« p<
Pv,0<2 < oo, and the rest of the half space, Region 3, defined
by p, <p < ©,0<z < 0. The half space — « <20 is Re-
gion 2, air; it extends over both Regions 1 and 3. The hon-
zontal dipole with unit moment p, =7, Al = i A mislocat-
ed on the z axis in Region 1 at z=d. The arrangement is
shown in Fig. 2(a).

The second part of the investigation deals with the ef-
fect on the field generased by the horizontal dipole in Region
1 due to a projection of Region 3 into Region 2 {air) as when
an island rises out of the sea or a mountain projects up from a
plain. Again for convenience in the laboratory, only the ex-
treme case is considered when Regior 3 at p,<p < «,
0<z < o consists of aluminum and the projection into Re-
gion2{ — o <z<0)is an aluminum cylinder of height L and
radius p,. Region 1 at 0<p<p,, <z < « continues as salt
water. This chcice of Region 3 and its extension into Region
2 provides a meusure of the maximum possible effect due toa
vertical projection. The arrangeme-~t is shown schematically
in Fig. 2(b)

{I. THE LATERAL-WAVE FIELD

Before considering the field in the three regions of Fig.
2(a), it is expedient to review the field for the simpler configu-
ration of Tig. 1, where the entire lower half space is the ho-
mogeneous Region 1. The cylindncal components of the
field in Region | are given by E, =E, + E;,B, =B,
+ B, where the subscript L refers to the lateral-wave part
of the field and the subscript D to the direct field.** The
nature of the two paris is illustrated for the radial compunent
of the electnc field for wtuch the lateral-wave part is [see Eq.
{35) of Ref. 6]
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. ~ ] 1
Region 2 (airkkp=w(pe€s) 2 zwpg€o) 2

FIG. 1 Field of horizontal electric
dipole at depth d in water or earth.

radial distance; taken together they will be called the radial
or ¢ term. The remaining fourth term involves the Fresnel
integrals; it is called the Fresnel rerm. The direct term is

]

], (5)

k i
E 6,2) = £ 005 & ot r-—,l =
IpD(p ) 277}{% ’Lp' p;

where r =[p? + (z ~ d)*)""* and p*»z". In Fig. 3 are shown

77T AT 7 TTT7777T777777777777T77777777 > X
-7 TR (06,0)
y‘:’ : k) 1] (P.¢'o)
]
' {p,5.2)
1 ¢
} %
z Es g,
. ~ 1/2
Region 1 (earth,water):k;= W(gy€,)
Ey (082 =E, . (p,00)cos & e, (2)
E, . 1p,00) i 4
= _ o gkiyis [Z‘_i_ﬁ_i_";( T )"
27k} p P P ki \kyp
X~ ARG (L p,k,)], (3
where

Fllopik) = = Callkaple /23]

+,-[_;_-52[k2p(k§/zkf)]], 4)

and C; and S, are the Fresnel integrals as defined in the
Jahnke-Emde Tables of Functions. The first three terms in
the square bracket in Eqg. (3) are simple powers of the inverse

e
(Pysd 2)

Horizonta!
Electnic \»
Dipole A4

Region 3
Region 1

Region 2(aw)  Kp<wlpofy)V2swlngeg)2  Region 2{ai}
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FIG. 2. (a) Honzontal electric dipole in cylindrical Region 1 surrounded by
Region 3, all below Region 2 (air). (b) The same with cylindrical project.on
of Region 3 into Region 2 to height L atp = p,.
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the magnitudes of the radial and Fresnel terms of £, ,
{p,0,z) together with |E| 5 ( p,0,2)! as functions of the radial
distance p from the source when Region 1 is salt water. It s
seen that the direct wave decays very rapidly and s negligi-
ble only a small fraction of the wavelength in air from the
source. Beyond this short distance, the radial term of the
lateral wave is greatest for a little more than two air wave-
lengths when the Fresnel term becomes comparable and
even slightly larger.

p in meters
0 0.2 04 0.6 0.8 1.0
|00: T ~T T T T =
ol — -~ Direct field term ]
C | — p l&fm ]
= " ----- Fresnel term .
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FIG. 3. Magmtudes of direct and lateral-wave terms of E, .1 p,0.2) in dB
referred to 1 V/m. [See Egs. (2)<{5).)
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In this paper attention is directed to the reflection and
transmission of the field generated by a horizontal electric
dipole at boundaries that are sufficiently far from the source
to make the direct wave negligible. Accordingly, only the
lateral-wave parts of the other components of the field in
Region 1 need be listed. They are {see Egs. {30) and {59} of
Ref. 7]

E sl p$2) = E 4 (£,0,0)sin & € ke, (6)
a’ﬂo ok, d tk k, 1 ik; ( T )1/2
0,0 ,,[ +ipoa (T
B P ot 5 Y 2k s

Xe"k*“*g”"*'?(kw,k,)], (7

E\..(p:$:2) = E.1( p,0,0)cos ¢ 7, (8)
3 2
E . (p00)= 'uOkZ "‘dlkp[’k ——1.;—-k—2(L)V
27k} 1 p P k\kp

2 o002
|

The associated components of the magnetic field are®

B, (pd2)= — (k/o)E,,, (p,4:2), (10)
By p:d2) = (k) /0)E| , ( p#:2)s (11)
Bip2) = By, (p,00)sin ¢ €7, (12)
k3 3k, 3i
B,..(p,0,0 Ho_yumdynp (’ _ 3k _ __)_
122 {,0,0) = 57'-8 ‘% PR »

These six componenis are associated in two groups of
three, viz., an electric-type field consisting of the transverse
component B, (p,$,2) and the two components
E, (p@#z)and E\,, ( p.#,2), respectively, longitudinal in the
two directions of propagation, and a magnetic-type field
consisting of the transverse component E,, ( p,¢,2) and the
two components B, ,, { p,4,7) and B,,, ( p,$,2), respectively,
in the two directions of propagation. Of these two groups,
the first dominates at all but very short distances since it
contains terms of the order 1/p, whereas the leading term in

ik, 1 i

71-
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FIG 4. Magnitudes of direct and lateral-wave terms of E,,{p,0,2) and
B, ,p.02)1n dB referred to | V/m [See Eqs. (2)45) ]

the second group is of order 1/p°. In the following analysts,
attention is directed primanly to the properties of the field as
governed by the leading components E, o\ P852),
E,, (p$2), and B, (p,d,2). Figure 4 shows the relative
magnitudes of the lateral-wave terms and the direct wave for
E\.(p,0.z) and B,4( p,0,2).

The associated field in the air is given by

k
E f} ,z = wp —— COS e’kd 'kz'o( -___') {_z—+_: l G ka ,k ’ 14
2oL P:$:2) 21rk, ¢ e 7 k) ln kl[ + G (k2 p)k))) (14)
k 11107
Esi( pu8,2) = —£9 cos ¢ ehdgrhanel 252 ——] L1 + G k. pk))), 15
() = FEcos g [ro =] &+ otspi (15)
#0 lkd ikyr, k§ ’k H
Byl p$2) = -- ———o0s § e™ e +_" (14 Gkyp.k)], (16)
2wk, nh n 0
where
2 2
G(kZP»k )_,(ZﬂR)IIZ -tllR+Z)‘/R]( [(R +Z) ] [ 1 Szfﬂ%{)-”), “7)
and
R=kyplk3/2k}), Z=kplky/2k), ro=1p*+2)"% (18)
The field in Region 2 at the surface z =0 is
ik 2 S 34 12
Eypi(p$0) = -———co#"z s¢e'*-de'*w['_’_f§__'3__2(_” ) e""”’“‘i”"*’?(kzp,k,)], {19)
2wk | cp PP Kk \kp
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wk P P K,
By (p#$,0) = (k) /@)E; 1 ( p,8,0).

In Egs. (19}-421) only the leading term in G (k, p,k,} is re-
tained when z is set equal to zero. & (k, p,k,) is given in Eq.
(4). The formulas (3), (9), and (11} with Egs. (19}+421) satisfy
the correct boundary condiiions at z = 0, viz,,

El pL(P’¢:0) = EZpL(Pr¢,0)1 (223)
E i (p.$0) = (k3/k})Ey..(,6,0), (22b)
Bi1(p.4,0) = By ( 0,8,0). (22¢)

The electric field in the two regions is composed of the
two components E,, { p,4,z) and E,, ( p,d,z). They have the
approximate forms shown below when (£, p)*> 1 so that the
1/0° term is negligible:

E\ (pd2) = E, L (p02]  — 2ko/k\], (23)

Ey (p#.2) = By, (p82) p — 2K1/K, ] (24)
Since |k,}*>k 3, itis clear that E, dominates in Region 1 and
k, in Region 2. Note that E| . (p,6,0) = E, , (0,6,0). The
electric field in both regions is elliptically polarized with the

major axis of the ellipse tiited from the vertical z axis by the
angles

1 [ 28k./k IZJ
6,, =—ta '[-—-——-—-‘ L Lt~ kB\/ k1, {25
2z 2 n l—lkz/k“z ﬁl ‘ ll \ ’
8, =_77;__1_tan-|[ Zﬂlkz/lkl,:]

202 1 — (ko/ky 2

~ T = kB . (26)

1Il. CONDITIONS AT A DISCONTINUITY IN THE LOWER
HALF SPACE: THE FIELD BEYOND THE BOUNDARY

When the lower half space {z>0) consists of a cylindrical
Region 1 (0<p<p,, 2>0) characterized by the wave number
k, = B, + ia, = o{ uoé,)'’? and of the rest of the half space,
Region 3 (p, <p < «,2>0), characterized by the wave num-
ber ky = f; + iay = w( po€;)'?, as shown in Fig. 2, a lateral
electromagnetic wave is incident on the bovadary y = p,,
z>0. Here the wave is partly reflected, partly transmitted.
Let the three components of the lateral-wave field be consid-
ered in turn. In writing the several components, let the fol-
lowing notation be used for the amplitude function:

k3 ky, i I*;( T )"2
fhaphi=| k- 2L

~tky pth 372K} ;

Xe F (kypik,a )], n=13,

27)
Flkopik,) =5 = Cslka plk1/263)]

+ i{ -;- —Sz[kzp(k§/2k§)]]; n=1.3.
(28)
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72 22k %
)l e_ikzp(kz/Zk”t?-(kZP!kl)]’ (20)

(21)

—
A. Magnetic field

The lateral-wave part of the incident magnetic field 1n
Region 2 (z<0,air) along its boundary with Region 1 (0<p
<p,,2>0) is given by Eq. (21), viz,,

[Baor(p.0)]i = — ﬂ;’c 0s ¢ e* e A f (ky p k) p<ps.
1

(29a)
The corresponding formula for the field along the boundary
with Region 3 (p, <p < 0;2>0) is given by Eq. {29a) with k,
replaced by k, [except in exp(ik,d )} and the ampiitude adjust-
ed to be continuous with [ B, (0,4,0)], at p = p,. Specifi-
cally,

[Beor(p0,0)]): = l‘oRn Boll i3 ¢ 4 ohd
ks

Xe"'pf (ks okl p>py, (29b)

where
ks flkypy,k
L= sSflk2ps l). (30)
klf(k’.’pb’k.'!)
It follows that in general:
BML(p,w’z, = o~ Ko cos ¢ ezk,(d-»zyelk P
2wk,
Xflk2pksk; p<ps (31a)
B}g,(_(p;é,z) - /_L_Qg_w_cos (Iﬁelk derk Zell\ o
TRy
Xflky p,k3)  p>ps. (31b)

The general boundary condition for the magnetic field is

By (P82 = By (py,0:2) = — poK.(py.82), (32

where K_( p, 8,2 is the surface density of current along the
boundary surface. With Eqgs. (31a) and (31b) it s

oK. (pp,02) = - [Bza_(Pb’QSro)] le'k':
+ [ Baot (po8.0)]s6™

= — [Brr(p5$,0], (% — &%), (33)

The second equation follows since, with Eqs. (29a) and (29bi
and (30), {81, (05:8,0)]3 = [ B2s(£5,6,0)],. Note that at
2=0,K,(ps,8.21=0

B. Component of the electric field normal to the
boundary

The equation of continuity provides the surface density
of charge on the boundary. It is

. aK" 4 BI ,(6,0
N pp:$.2) = _ i %K Aps ¢2) - - [Baarl £616,0) ]
@ dz Wi
X (kje™® — kye™). (34)
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This charge is related to the normal component of the elec-
tric field at the boundary by the condition:

&.E L(ps Bz} — é3E3pL(,ob’¢’z) = —7(py:$2). (35)
Since & = k ¥/aw*u, and

E, pL(p’ 2} = {w/k)B1y { psd:2)

= (m/kl:' [ BZdL ( psé»o)] le’k':: (363)
ESpL(p’¢’z) = (@/k3)B;4. ( p19:2)
= (0/ky) [ B24r( 18- 0)] €7, (36b)

it follows that at the boundary p = p,, Eq. (35) gives

(@& /K[ Bzor( 96:8:0)] e
- (m§3/k3)[Bw,_(p,,,¢,0)]3e"‘" = —7(pp.$2), (37
or
[Base(ps8:01],
Wfo

The last equation follows since [B,,.(£,,4,0)]; = [B1or
(p5,6,0)1,. Itis in agreement with Eq. (34). The electric fields

N pp0,2) = — (k™ — kye™).(38)

E,,.{p.62)and E;,, (0,d,2) are given by

E Lpdz)= — z—ﬁ‘]‘(ilcos 6 ekid+

xe"tflkypkil p<ps, (39a)
Ey lpd2)= — %/i"%‘icos b e

Xeriekof (ky piksl; papy.  (39b)

C. Vertical electric field

The z-directed currents X { p, .¢,2) given in Eq. (33) gen-
erate a scattered field that travels in both directions from the
boundary. It consists of a reflected field that travels radially
mward from the boundary in Region 1, radially outward in
Region 3. On both sides of the boundary p = p,, the z com-
ponent of the scattered field, £ }{ p,,2), can be determined
from the boundary condition for E, at p =p,. Since the
component of the electric field tangent to a boundary is con-
tinuous across that boundary, it follows that the total z com-
ponent of the electric field at the boundary must be contin-
uous. This means

Ey(py:0.2) — E( py,0:2) = Eyy ( py,652)
+ Er(pb!¢vz)l (408)

or
s 1
Eps.d2) =?[E|zL(Pb,¢,Z) _EJzL(pb;¢’z)]- (40v)
Here,
Evy(pda)= g Ky ¢ ehid
LA 2 k k?
X e*:#f, (ky piky) {41a)
and
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Em(P»GﬁJ) ;oﬁ;s F‘COS ¢ et
X e*Te*of, (k, p k), (4ib)
where
ik,
fV(kZP’kn) = [ =
p

3
1 k3 ( T )"2 - tky plk 32k 3)

P kn k2p
Xy_(kzp)kn)]; n= 1)3, (42)
and & (k, p,k,) is given in Eq. (28). It follows that

EX(py,2) = —2cos ¢ e+

. k?
Xek:f—‘b[ 'k'zfy(l\zpb’k )

k3 M
k 2 ik
—Ry; Fe fulks pyks)i- (43)
3

This is the zcomponent of the field on each side of the bound-
ary surface generated by the surface density of current
K.(ps.9.2) and surface density of charge 7(p,.4,2). It re-
mains to determine £;( p,6,2) and £, ( p,é,z) for both p < p,,
and p > p,. The former is the field reflected back into Region
1, the latter the field transmitted forward into Region 3.

IV. THE SCATTERED FIELD DUE TO A DISCONTINUITY
IN THE LOWER HALF SPACE

The field scattered at the boundary, p = p;,,2>0, in the
form of a reflected field in Region 1 ( p<p,,z>0) and a trans-
mitted field in Region 3 { p>p,,2>0) is generated by the cur-
rents K, ( p,,4,2) on the boundary surface. Since these cur-
rents are all perpendicular to the boundary z = 0 between
Region 2 and Regions | and 3, they can be represented by a
suitable distribution of vertical (i.e., z-directed) electric di-
poles. The complete field of a single vertical electric dipole
with unit moment (Idz =1 A m) is given by the following
three components, each with a direct and lateral-wave part®

Bl,(p2)=B1, (p2)+ Bl;p(p2) (44)
k2
ldL(p z) = —?k—ie"‘" +d) "‘:"fy(kzp,k,], {45)

Bliolpa) = = b(ere—erey (BLo 2, )
47 P

>
EV,(p2)=EY, (p2)+E{ p(p2) (47)
E:’pL(P.Z) = _:u_()_k_lealu +dlg thy pfy(kﬁp,k ), (48)
2k}
2
= DHo kit + )ik, p ’k [Z— ik,r,
|pD(P:Z) 2k {e % p 2
_ztd, A](ﬂ‘_'__&_l;)l (49)
p p P Pl
E{{p2)=E |, (p2)+E}pp2), (50)
Elu(pa =0 ki puirapmopi pr),  sn
2wk} ki
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lzD(p’z)

(0/‘0 (ezk N elk.r,) (ﬁ - ﬁ _ _L)’ (52)
"~ ank? p PP
wherer, = [z —d ) +p*]V2ry = [z + d )? +p2]”2mthe
exponents, ry=r,==p in the amplxtud&s, and f(k, p,k,) and
Sfvlks p,ky) ave given in Egs. (27) and (42), respectively. These
formulas are good approximations when |ki|»|k2],
ik, p|>3, p*> 2%, p*>d 2. It is to be noted that
E i (pd2)=[(—ki/ki)cos ¢ JE [ (p2), (53)
Epi(pd2)=[—cos$ 1E [, (p2), (54)
where the components with the superscript ¥ apply to the
vertical electric dipole, and those without the superscript to
the horizontal electric dipole at the same depth. Note also

that the radial eiectric field of a horizontal dipole is an order
of magnitude greater than that of a vertical dipole since

E, 1 p02)~(k /K )E ¥, ( p2). (55)

The radial component of the lateral-wave electric field
at p,0,z due to a single vertical electnic dipole with unit elec-
tricmoment [dz=1Amatp,,6 "z is

Idz = dK,(pe,$"2) = — 15" [Bror(96,0:0)], (%7 — &% )c0s &* p,dd ‘dz.

ok 3

L(er) - = ?e‘k'(z * z')e'k:RfV(sz’kl)' P<Ps» (56)
E (R flokz 1Kky(z 4 2') kR
LR 2} = — ———e e fylkaRks) p>py,  (57)

27k}

where

- k3 b \12
kaRok,) = | 2 (=)
fV( 2 n) [ kn sz

xe_,k,R(ki/zkiy(sz,kn)], r=13,

!
R?

(58a)

and
R=1[p;+p° —20p, cosid —d]"" (58b)
is the radial distance from the dipole, [R* + (z — 2')*]"/? is

the distance between the dipole at p,,0 ',z
observation at p,d,z.

The element of suriace current at 5,,,é ',2" 15 readily ob-
tained from Eq. (33). It is

" and the point of

(59)

Hence, ihe scattered radial lateral-wave electnic fields due to a vertical line source extending from 2" = 0tc 2 = x and of

width p,d¢ " are

dEiz (R2)= —pg ' [Bas{£5,0.0)], f dzZ’E [z, (R2) (€% — e*7) pycos &'dd’, p<ps, (60a)
0
rx z : I3 ’
dEipi(R2)= —pg ' [Bror(p5:0,0)] |J dzE 33, (R2) (e%% — ") p, cosd'dd’, p>p,. {60b)
0
With Egs. {56) and (57) 1t follows that the integrals with respect to z* are simple and readily carned out. They are
f (euk,: :k ¥4 )elk l(kl ]" ) (613‘
2k,(k3 + k)
ky— k)
e:k: :kz)enk‘. = ’( 3T R 6]b
Jo 2kolky + ky) (61b)
With these integrals, Egs. (60a) and (60b) become:
iwk 3(ky — k)
dEiz (R2)=—————[B ,0,0)] e* e Rf, (kR Kk cosd'de”’, 62
1re(R2) amk (K, + k) [ 201 (Ps )]I SvikaR K\ py ¢ (62)
fwk 3k, —
dE g, (R2) = ___i__é___ [B6.(p6,0,0)] e e R ek, R ks) p, cos & 'dd’, (63)
4k 3lky + k)

where /. {k,R,k, } is given i Eq. {58a,. These are cylindncal
waves centered at the vertical line source at p,,@ ', they are
rotationally symmetric within each region.

In order to simplify the determination of the complete
field due to all of the line sources distributed around the
cylindrical boundary at p = p,, let the field be examined
specifically along the radial line ¢ =0 along which £, ,,
{p,#.z) due to the dipole at (0,0, ) has its maximum. Along
this line the resultant radial electric field due to vertical line
elements K, {p,,¢ ) and K,( p,, — ¢ '} is directed radially in-
ward toward the origin in Regton 1, radially outward in Re-
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gion 3, as shown wt Fig. 5. In order to represent the outward
traveling waves from these sources at the vbservation puint
{ p,0,z), the distance R 1n the exponents has the following
form:

R=A+B, (64al
where
A={(p —p,cosd’)cos¥; B=p,sind’ siny'" {64b)

The angle ¢ 1n Region 1 {p < p, and Region 3 \p > p, )15
shownin Fig. 5. It1s given by cos ¢ = {p — p, cos ¢ '}/R or
by sin ¢’ = | p, sin ¢ '}/R. The upper sign in Eq. (64a) ap-
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plies to distances R from{ p,,¢ '), the lower sign to distances
R from (p,, — ¢ ). Note that in Region 1, p<p, and 7/
2<y'<7 when p<p,cosd’; (m—¢')/2<y'<w/2 when
PsCos ¢ '<p<p,. In Region 3, p>p, and 0<Y'<(m — ¢ ')/2.
In amplitudes the magnitude of R is

R=[p*+p; —2pp, cos¢']'"2

With Egs. {62), (63), and {64a) and (64b), the scattered
fields at ( p,0,2) due to the continuous distribution of surface
current XK, ( p,,,¢ ',2') on the boundary at p = p, are

(65)

iwk 2k, — k) J"’ { ik ! kY (7 \V2 _kaniand
E: (p0z)=————"1[B ,0,0)] %= | e* (——2--— ,)coskB-——( ) AR
lpL(P ,2) 21rkf(k3+k,)[ 20 05:0,0)] € A € R R: 2 %, \ILR e
Xcos [kB (1 — k§/2kf)]a‘*°(k2R,k,)] py COSY cos ¢'dd’, p<p,, (66)
ik 2k, = ky) 4 { ik, 1 K3 7 \"? _uaniud
ES (p0z)=——2—1 IR 0,0 e'k“f et (——2— ,)cos k"B——'—( ) g MHANYRY
30L(,0.2) 27k (K, + o) { B2 p6:0,0)], A R R: 2 \TR
Xcos [k,B(1 — k§/2k§)]?(k2R,k3)]p,, cos ¥ cos &'dd’, p>p, (67)
In these formulas, R = [ p* + p; — 20p,c0s6']""*, 4 =(p — p, cos 8')’/R, B=(p, sm ¢ ')}*/R, and
[B2éL(pva’O)]l = = —iff;c_ e""de'k‘pbf(k: Pyoki) = (k/Q)E, oLl Do ,0,0). {68)

1
InRegion 1 wherep<p, cos @ ', cos ¢'1s negative so that explik,A | = expltk, p,, ,cos 1 ,cos & ‘jexp| — 1k, plcos ¢'}). This
1s a radially mnward traveling wave. In Region 1 where p, 2p2p, cosé’ and in Region 3, cos ¢’ is positive so that
explik.A ) = exp| — tk, p, | cos ¥'lcos & 'Jexplik, picos ¥’} which represents a radially outward traveling wave.
Since [By41(£5,0,0)]1 = Bior £5,0.0) = (ki /w)E| . ( p,,0,0), the scattered radial electric field in Region 1 can be ex-
pressed in terms of the radial electric field incident on the boundary in Region 1. That is

EipL(va,z) = 1k§(k1—kl) ”e'A‘A {(E\"—g__'_]_:)cos k:B—ﬁg—( s
E il pe02) 27k l(ky + k) Jo R R° k, \k,R

e, p02)=

2 s ~
)l/’e —th ARL2AT

xcos[k.B{1 —k3/2k f)]a‘"(sz,k,)] Py cOS U cosd'dd’. (69)

Similarly, with [ B,4.(04,0.0)] = [Basr{£5,0.0)}3 = Byar(05,0,0) = (k3/w)E, ;. ( p,,,0,0), the scattered radial electrc field

1n Region 3 can be expressed 1 terms of the radial electnc field incident on the boundary in Region 3. That 1s,

E;pL(p'Orz) _ I'kg(k3—k|) ve,,\“‘
EJpL(pbrorz) :#k;(k3+k|’ 0

eyl p,0.2)=

(5

—_ L)COS /\ B _ i;_ (_ﬂ_)l/ze — th_ AtA i/zki;
R : ; k] k:R

xcos [k,B(1 — k3/2k §)]f(k2R.k3)] Py COS Y cos & 'dd”’, (70)
!
where ¥ is given in Eq. (28). E! 0z) = — LHO_jhid -~z [ ghsof(k
The evaluation of the integrals in Egs. (66)-(70) has not 1o (£02) 27k} (e thpk)
been accomplished in closed form. Presumably they must be
evaluated numerically. e Pk, ook ey o020 ]
V.THE TOTAL LATERAL-WAVE ELECTRICFIELDIN  \P® TPV >Z 1Koy =l >3, (73
THE PRESENCE OF A DISCONTINUITY IN THE LOWER
HALF SPACE EY,(p02)= — ____e“’z"olf;»‘ gt [k of (ks p
The total radial lateral-wave electric field along the cen- s
tral radius ¢ = Oin each region is the sum of the incident and ,
+ Pk, pykiles 0 £.02)]:
scattered fields. Thus, e TSk poikiles ol p,02) 1
E},(p02)=E\ . (p02}+ E}, (p02) (T (p—p)>2, [kilp —ps)I>3, (714)

where E, ,, (p,0,2) is given by Eq. (39a) with = 0 and Eq.

{27), and E'} . ( p.0,2) 15 given by Eq. (66). Simularly,
ESpL(p'O'z)=E3pL(p’Orz)+E§pL‘prorz)» (72)

xyhere E,,.(p.02)is given by Eq. (39b) with 4 = 0 and Eq.

(27), and £}, (p,0) is obtained from Eq. (67). These ex-
pressions can also be written as follows.
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I UPE

where f(k, p,k,) is defined in Eq. (27}, R\, in Eq (30}, and
e ,.(p.02) and e, (p,0,2) are given, respecuvely, in Eqs.
(69) and (70). These formulas give only the laterai-wave field
in media in which the direct field decays rapidly. Even in
these they are not complete near the source dipole or the
boundary at p = p, where the direct ficld is also significant.
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deS (p.0.2)

FIG. 5. Notation with respect to two points of observation at { p,0,2) with
p<pyandp>p,.

VI. NUMERICAL EVALUATION OF THE SCATTERED
ELECTRIC FIELD DUE TO A VERTICAL
DISCONTINUITY IN THE DENSER REGION

The radial comporent of the incident electric field in
Region 1 [E" ,{p,0,2)] due to a horizontal electric dipole
with unit electric moment at depthd = 0 15 m has been eval-
uated at depth z = 0.15 m from Egs. (2) and (3) with ¢ = 0
and k, = 129.4+i64.1 m~" k, =47 m~"' (0, = 3.5 S/m,
€,, = 80,/ = 600 MHz) over the range 0.5<p<p, = 1.86 m.
The magnitude |E"| (p,0,2)| is shown at the top of Fig. 6.
For comparison, the quantity (£ 011,0,2),/p is also shown.
Evidently, the range of p is in the 1/p section of the lateral-
wave field.

The lateral-wave field scattered from the boundary at
p =p, between Regions 1 and 3 and observed at depth
z=0.15 m is shown at the bottom of Fig. 6 when Region 1,
P<py, is salt water (¢, = 3.5S/m, €,, = 80) for three differ-
ent media in Region 3 { p>p, ). These are characterized by
o5 =0.0035 S/m, €,, = 80 for lake water; oy = 0.35 S/m,
€, = 80 for somewhat salty water; and o, = oo for a perfect
conductor (well approximated by metal). In each case,
/=600 MHz. The quantity actually shown is the ratio
le, oL (£,0,0.15) = |E{ . (p,0,0.15//E | . (1.86,0,0.15)] giv-
enin Eq (69) Thisis the normalized amplitude of the inward
traveling cylindrical wave that is generated by the surface
currents X, p,, ¢ ',2'} all around the cylindrical boundary
P = p»,0<Z', and is observed along the radial line ¢ = 0. The
small oscillations are a consequence of the rotationally un-
symmetric distribution of the source currents, K, ( p,,4 *,2')
= K,(p,,0.2')cos ¢ ', and the cylindrical shape of the bound-
ary They would be absent if X, ( p,,¢ ',2') were rotationally
symmetric, i.e., independent of ¢ *.
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FIG 6 Incident and scattered fields in Region 1{ p<p,. .20}

What 1s primarily significant about the scattered field 1s
its very small ampiitude. Even when Region 3 1s perfectly
conducting (metai), the relative average amphtude of the
scattered field when compared with the ncident field 1s
between 3X 10~ near p = p, and 2 10~* near p = 0.5 m.
This is so small that the resultant totai radial electric field
given by Eq. (72) differs negligibly from the incident field.
The conclusion follows that the reflection of lateral waves
from discontinuities or changes in the properties of the half
space z30 are insignificant so long as the ratio |k *(z <0)/
k*(z > 0); remains small and the scattening discontinuity in-
cludes oaly vertical boundaries within the relatively short
distances from the surface for which je*#| =e <15 signifi-
cant. Since the scattered field transmitted into Region 3
(p >ps) has a magnitude that is comparable to that of the
field reflected into Region 1, the lateral wave that continues
beyond the boundary, 1.e., p > p,, is given essentially by the
first term in Eq. {74} with only an insigmficant contribution
from the second term—the field generated by the current
K.(p,.¢"2’) on the bounding suiface, p = p,, z>0.

In practice, these results indicate that when a lateral
wave traveling along the surface of the ocean encounters the
shoreline of a low island or continent, significant reflections
Jo not cume from vertical components of induced current on
the boundary. This is readily understood 1f it 1s recalied that
the energy carried by lateral waves actually enters the denser
half space from above and travels down into it. Thus, vertical
boundaries are perpendicular to the dominant E, p compo-
nent, parallel to the very much smaller £,, component.
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VIi. THE FIELD SCATTERED BY A METAL WALL AT
p=pp INREGION 2

Although the components E,.( p,6,z} and E;.( p,4,2) in
the denser half space are relatively very small, the compo-
nent E, ( p,@,2} in the air is relatively large. This 1s a conse-
quence of the boundary condition: k?E.(p,4,0)
=k3E,,(p,¢,0), i-=1 or 3, and the assumed inequalities,

k,|*»k 3. It follows that a vertical scattering obstacle in Re-

gion 2 (air, 2<0) is a much more effective scatterer than a
comnparable obstacle in the denser half space (z.»0}. The scat-
tered fietd generated by such an obstacle is readily deter-
mined when the height L of the obstacle is not electrically
great, 1.e., k,L<1. When this is true, the incident field in
Region 2 due to a “onzontal electric dipole 1n Region 1 is
obtain *d directly from the field in Region | with the help of
the boundary conditions. Over Region 1, it is given by Eq.
(15). Sufficientiy near the surface, this reduces to Eq. (20).
The associated magnetic field is given by q. (21).

The magnetic field incident on a metal cylinder of
height L arnd radius p, is B,,, ( p,#,0) as given by Eq. (21),
provided k,L<1. It will be assumed that a reasonably good
approximation is obtained when k,L<1.5. In order to deter-
mine the current induced in the metal cylinder, use is made
of the analysis of Myers'? who determined the current in and
the scattered field of an infinitely wide sirip of height 2/ ina
normally incident plane electromagnetic wave with either £
or H polarization. Since salt water is a good reflector of elec-
tromagnetic waves, she current density induced on the metal
cylinder of height L over salt water with p,>L, p,>4,, is
wel’ approximated by the current induced on the upper half
of an isolated infinitely wide strip of height 2L in an H-polar-
ized field. Myers reduced the determination of the current
density to a aifferential equation which he solved numerical-
ly. The surface density of current on the strip determined by
Mpyerc can be expressed in a notation appropriate for the
metal cylinder of large radius p, and small height L in the
form:

3924 J. Appl. Phys., Vol. 55, Mo. 11, 1 June 1984

K_.(pb,O,z) == K;(pb,oyo)g(z) = —lq ‘B ::c( Lo ,0,0)

X KN (z)e.&m, (7 5 }

where X.{ p,,0.0) is the current density at the center of the
strip or at the base of the cylinder, z = 0. It is tabulated by
Myers in the normalized form

Ky(0e™" = — oK. (£5,0,0/B 5, .0,0)
= K.(p,,0.0/H 2 p,,0,0). 176)

The numeri:al values of the amplitude X, (0} and the argu
ment &, {0} of the normalized current density are shown
graphically in Fig. 7 as a function of L. It is seen that a
maximum current 1s obtained near k,L = 1.2 or L~A4,/4
The transverse distribution of current on the strip 1s g(z)
When &,L is sufficiertly small,

glz)~(1 = 22/L 3V2, (77)

loKz(Pp0z/ B (p, 0,001

Ky(2)

10

z/L

FIG. 8. Actual and approximate normaized distributions of current on
strip in H-polarized, normally incident field. (Data of Myers.)
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Actual distributions K(z) as determined by Myers for
k,L.=1.0 and 1.5 are shown in Fig. 8 together with the
quantity K (0)(1 — 22/L 3)"/2. It is seen that even when k,L
is as large as 1.5, the approximation is acceptable. The argu-
ment Oy(z) is not shown, but Myer’s results show that
Oy {2)~6,,(0) within a few percent when k,L<1.5. It follows
that for k,L < 1.5, the current density on the cylindrical met-
al wall is well approximated by

KZz(pb ’é ’,Z’)~ - yo— lBZdL ( Py ’O’O)KN (O)Q’BMO)
X[1=(@/Lf] eos ', (78)

where K,(0) and 6(0) are given in Fig. 7.

Corresponding to Eq. (59) for the element of surface
current on the boundary at g, ,@ 'z’ between Regions 1 and 3
with2' > 0, the element of surface current on the metal cylin-
der atp,,¢ "2’ in Region 2 with — L<Z'<0is

Idz =dK,(py9'2) = — 15" 'Baor( £5,0,0K 4 (0)e ™
X {1 =& /Ly])"%o0s ¢' p,dp 'dz. (79)

And corresponding to Eq. (60a), the scattered radial lateral-
wave electric field at the depth zin Region 1 due to a vertical
line source in Region 2 extending fromz' = — L toz'=0
and of width p,dé ' is

[dE’mL(RvZ)]z = —lg lBz.fm(.‘:’b:(),o)
xf dz [E {p(R2)] K (0™
-L
X [1—(2/L}]"?p, cos ¢ 'de";

P<ps» (80)

where [ £ [z, (R,2)], is the radial electric field in Region 1
due to a umt vertical electric dipole at p,,¢',0 in Region 2
(air). It is given by Eq. (56) with 2’ = 0 and multiplied by che
factor k 2/k 3. With it and

Jro [1=(/LP)"?de = — 7L /4,
~L

Eq. {80) becomes

L 10 1k,z
[dE g (R2)]2 = — 8ﬂk— Ky (00" Byy ( p,,0,0)

X e kf (kR k) p, cos &'dd’. (81)

This field can be compared with Eq. {62) when Region > is a
metal so that £,— 0, Viz.,

iwk 3
dE’ ¢, (Rz2) = —— By, ( ps,0,0)e™"
1RL peE s

X e*Rf (kR k\) py cOs $'dd". (82)
The ratio of Eq. {81) to Eq. (82 is

— wLK,(0)e’¥/8k, _ mkL l‘iK (0)e104® * 772)
iwk 3 4wkt 2 k3 " '

R=

(83)

Since this expression 1s independent of ¢ °, the integrated
scattersd field in Region 1 due to the sheet of current in-
duced in the metal cylinder in Region 2 is given by Eq. (66)
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FIG. 9. Standing waves due to reflection from metal wall of height L = 5.2
cm=0.104,atp=p, = 1.8 m.

with ky— o and multiplied by R as given in Eq. (83). The
total radial lateral-wave electnic field along the central radi-

- us ¢ = 0 at { p,z) 1n Region 1 is the sum of the incident and

scattered fields as given in Eq. (71). It is

E\,(p02)=E, . (p02)+ [E},L(p02)]:
=E\,.(p02) + RE} ,1(p,02), (84)

where E1 , (p,0,2) is the scattered field calculated from Eq.
{66) with k;—co. It is represented by the curve marked
03 = oo in the lower part of Fig. 6. Calculations of the total
field given by Eq. (84) have been made with k,L = 0.65 for
which K,(0) = 1.63, 6,(0) = — 1.370 and R =2.5%10°
e"*%, and for k,L = 1.5 for which Ky(0) = 3.0, 6,(0)
= —0.4685, and R = 12.9 10° ¢ **?, Graphs of the mag-
nitude of the incident, scattered, and total fields for these two
hieights of the metal wall are shown respectively in Figs. 9
and 10 with f= 600 MHz and p, = 1.86 m. At this frequen-
cy, the height of the metal wall is L = 5.2 cm in Fig. 9,
L = 119 cmin Fig. 10. It is seen that at the lower height the
reflected field and the amplitude of the standing waves are
quite small. At the greater heigitt {Fig. 10), the reflected field
is much greater and significant standing waves are pro-
duced, especially near the reflecting wall at p, = 1.86 m
Note that the smail oscillations in the reflected waves do not
significantly affect the standing-wave pattern of the total
field. This is determined largely by the interaction of the
incident field and the traveling-wave part of the reflected
field.
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FIG 10 Standing waves due to reflection from metal walls of height
L=119cm=0244 atp=p, =186 m.

VHl. CONCLUS!ION

An analysis has been made of the reflection of lateral
electromagnetic waves traveling along the boundary
between two half spaces, characterized by the wave numbers
k, and k, that differ significantly so that |k,|*>|k,|*. The
reflecting boundanes consist of two types: {a} Vertical dis-
continuities in the denser medium {earth,water) in the form
of changes in the wave number from Ak, to k; with
|k5|%% |k, (b) vertical projections into the less dense medi-
um in the form of thin walls of the denser medium. The
analysis shows that reflections from the discontinuities in
the denser half space are extremely small even when &,

3826 J. Appl. Phys., Vol. 55, No. 11, 1 June 1984

changes from a value characteristic of salt water to a value
k3= o characteristic of a perfect conductor (metal). Reflec-
tions from metal walls in air when k;~ o are much larger
but still quite small when the height of the wall is a tenth of 2
wavelength or less. They are very significant when the wall is
a quarter-wavelength high. These results are readily under-
stood if it is recalled that the vertical unit dipole in air is very
superior to the ertical unit dipole in salt water as a gener-
ator of lateral waves. It follows that the vertical current in-
duced on the metal surface in air generates a relatively strong
reflected lateral-wave field in the salt water, the vertical cur-
rent induced on the vertical metal {or other) surface in the
salt water generates a relatively very small reflected lateral-
wave field even with equal currents. Actually, the current
along the metal surface in the salt water is rapidly attenuated
with depth z owing to the factor e = ¢ ~ ¢,
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Experiments on the reflection of iateral electromagnetic waves
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The measured reflections of lateral waves at discontinuities and boundazic

re shown ior two

frequencies. A cylindrical model lithosphere bounded at its perimeter in seven distinct ways is
utilized. The resuiting fields are compared with the theory of normally incident iateral waves.

PACS numbers: 41.10.HY

L. INTROUUCTION

The electromagnstic field components asscciated with
lateral-wave propagation and reflection can be measured ina
mode] lithosphere.' The reflection process which occurs at
disconunutties 1n such o model 15 quite coinplicated, wheu
the source 15 a hontzontal electnic dipole, all six componernts
of the eieciromagnetic ield are involved. A choice of inea-
sured fields and toundary geometries characteniced by sim-
plicity 1s therefore the most meamngful in an initial exsen-
menial basis for theory. In the present study, plots of the
cylindr.cal radial compenent £,, in the denser mediem (Re-
gion i, are presenced. The directional s.rength attributed to
the component® renders it useful as a so.arce of reflected and
scattered fields when incident upon isolated obstacles. For
exampie, the scattering Guc to rectilinear extensions of air
into sait water has been analyzed by charting the magnitude
and phase of E,,." The vertical fi¢ld in 2ir which accompa-
nies surface-wave propagation at the planar abutment of two
regions {one ¢y poth of which may be described by complex
wave numbers) is likewisz important and interesting and has
heen investigated using open-ended waveguides.*>

The dependence of both air and dense-medium field
components upon the cylindrical variables p, ¢, and z kas
Leen expressed in various ways since the original formula-
ticn of vertica! dipole fields above the earth by Sommexfeld,®
a~wnugh for indoor measurements the recently d.ived for-
mula for the E,, component of the companion paper’ is par-
ticuiarly useful. It is important to note that reflections as-
cribed to plane waves at boundaries between material media
with their atiendant Fresnel coefficients do not form an ade-
quate basis for the description of the reflected surface waves
of the present paper. Quite close to the interface between air
and a conducting half space, some qualitative aspents of
plane waves have been measured, however, and in the limit
of gh frequencies spherical waves incident upen planar
surfaces may te regarded as bundles of homogeneous plane
waves,” each element of which is reflected, transmitted, and
refracted as prascribed by geometricai optics.

The refiection: of electromaguetic surface waves at non-
planar axd perturbed planar bounding stirfaces has been dis-
cussed (0 some extent in termms of toe offects of rough maten-
ai surfaces’ ana high-freguency waves backscattered from
sais wezer.' Tae dissussions indicaic the nzed for studies in
which suatrerers project into both coaducting and iess dense
nalf spaces. In the poeseri stuey, simpie combinations of
honizo.at>1 and verticai metal plasies so oriented are chosen
as discontinuities.

eol? J.App! Phys 55 (11} 1 Junc 1264

Cu21-8979,84/113927-07502 40

ILREFLECTIONS FROM OBJELCTS OUTSIDE THE IDEAL
MODEL

The apparatu: for the excitation of lateral waves in 2
shallow tank of salt water by a horizontal electric dipole
(monopole with image) is the same as that described in Ref 1.
In order to avuid troublesome reflections from the side walls,
the rectilinear tank used in the earlier investigations has becn
adapted 10 a circular symmetry. In this way, onl; radially
directed waves are involved at normal incidence at circular
boundaries. The adaptatior is shown schematically in Fig 1.
With it, the measured data for E,, show an ¢* en closer corre
spondence tc theoreti.al predictions than previously repor:-

Inner
Perimeter -~
Mcvable
E¢ probe

A\

-
-7 Ep’probe

N o8¢

l——— Vertical
Ground Plane

Region 1 /
{Scit Gi.Eu /
Water} <—~ Y/00den
Wwal! of
l /0_383" Region 3 Rectangular

L= Tank

Transmitting
Mongpole

S

(a)

half - spece 2

/‘;

half - space 1
y G Ellec = 80
G, 35 S/m

(b)

FIG. 1. () Schemauc diagran of seon-cirvular tynk, (o) Frela componentis
of Hertzian dipole near planar interface; /. dx =1 A m.
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ed, and movable metallic sheets to reduce reflections from
the side walls have been eliminated.

Initiaily, measurements were made with a metal top
plate quite close to the air-salt water boundary. However,
theory predicts that the surface waves in the presence of the
top plate are expunentially attenuzted with distance instead
of according to the combination of powers of inverse dis-
tances and error functions that charactenze true lateral
waves under an unbounded air space. Although the actual
magnitudes of the decaying fields are very similar over the
distances involved in the tank, it seemed desirable to remove
the top plate. This necessarily mtroduces some reflection
from the ceiling of che laboratory and the metal pipes that
are close to it. These are between 2.5 and 3 m above the
surface of the water. At f= 644 MHz, this height is of the
order of 6 wavelengths, at f= 1.5 GHz of the order of 15
wavelengths. The observed effect of the reflections is quite
small at the lower frequency, much smaller at the higher
frequency. However, since interesting reflections at the cy-
lindrical boundary can also be very small, it 1s desirable to
obtain an accurate piciure of the detailed nature of the etyect
of reflections from the ceiling so that they may be identified
and separated from radial reflections at the cylindrical
boundary when these are very small. When the ceiling 1s
sufficiently far away—five or more wavelengths—the direct
reflection is so small that multiple redections can be disre-
garded at least in order to obtain a qualitative or semi-quan-
titative measure of the nature and significance of observable
interference patterns. An approximate analysis is given in
the Appendix together with graphs of the theoretical inter-
ference patterns obtained when the csiling is represented
first by a metal plate and then by an approximation of a line
spurce that generates an approximate plane wave normally
incident on the water surface of the tank aiong the radial line
where the measurements of E,, are made. These can be com-
pared with observed patterns which, in general, involve
three waves: (1) The direct lateral waves with both vertical
and radial components traveling radially outward from the
source, {2) reflections from the cylindrical boundary 1n the
form of lateral waves traveling radially inward toward the
source and producing a regular standing-wave patiern, and
(3) transverse plane waves coming from the ceiling at normal
or near normal incidence and polari. 1 with the electric field
in the radiai direction. These produce nterference patterns
with traveling and standing lateral waves that are quite dif-
ferent from ordinary standing waves produced by similar
waves traveling in opposite directions.

1. MEASUREMENTS AT f= 1.5 GHz

The excitation of lateral surface waves by a radio-fre-
quency source and the mechanisms of data acquisition 1n the
cyiindrical tank are identical to those described mn Ref. 1.
Changes other than those relating o side walls and top plate
are restricted to radial discontmuities and adjustable param-
eters in the complex wave number of Region 1 defined by

ky= ol yy€4)"}(1 + io, /we,, ). (1)
Here, ¢,, is the real effective permittivity, o,, th2 real effec-
tive conductivity, 2, = piq, and @ = 27f.
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The first physicai confizuration used in the n.easure-
ments is shown in Fig. 2(a). The asscciated E, , field has been
plotted over four air wavelengths (1, =200 cm). E,, a> a
function of p is shown in Fig. 3(a} where the fi.ld intens:ty 1s,
as indicated, 10 ¢B per given vert:val ‘ncrement. For tie
combination of the two homogeneous Regions 1 salt water,
and 3 (metal) in contact in the z d.rection along the cylinder
p = p, and having a continuous unifc:m {unstepped; 1ater-
face with air (Region 2}, liitle reflec. on is evident. Thereis «
very small undulation with maxima separa.ed by distan.es
only slightly greater than A,. This musi be due to very small
reflections from the ceiling like those in the middle of Fug.
A2 in the Appendix, but with smaller ampliiudes.

Simple variations on the above placement of metal
planes can now be made. They correspond roughly to mver-
sions about z = 0 [Fig. 2(b)] and serve to conjoin theory and
expeniment (see Sec. V). Since energy 1s absorbed rapidly
with depth in the denser medium, the vertical me:al plane
need be only several skin depths deep. Mcasured results for
an extension of the vertical metallic boundary to L = 15cm
above the water surface are shown in Fig. 3\bj. The undula-
tory pattern suggests reflections from both the radial bound-
ary and the ceiling of the general type shown at the bottom of
Fig. A2.

The complete theoretical formula for the unperturbed
E,, field in Region 1157

El - _ Do cos & {ell\ll:-#-d!el,\‘p[ﬁ- f\'_: _
© 2wk p P
k* 172 .
__k_z_(kﬂ'p> e-:k:plkzlzkf)y(kzp,k‘)]
1 VK2
_ellu,[p‘olz-di:l' :<£1_+L1)], (2i
P~ P

where 7 (k, p. k) 1s defined 1n terms of the Fresnel inte-
grals’! C, and S, as

Flkap. k) =1(172) — C, [k pth 372k 7))
+ i{(1/2) = Sa[kaplk 3 /2K 53] ). (3)

A graph of the magnitude of the field calculated from Eq (2}
for ¢ =0 1s given n Fig. 3(c). The decay rate with radial
distar.ce follows very closely that of the curve for minimally
perturbed E,, in Fig. 3(a). The relative decay rate is a crite-
rion conventently employed to tesi the adherence of mini-
mally perturbed fields measured in the model lithosphere to
precise theory for freely propagatng E,,.°

IV. MEASUREMENTS AT /= 644 MHz

Reflections from configuraticns of perimetrical matal
sheets including the vertical one directly trezied by theory’
are of interest. Thus, in addition to the simple combination
of vertical and horizontal metal sheets described 1n Sec. Il
measurements involving single vertical sheets of varous
heights L above the surface combined with a dense-medium
corner [Figs. 2(c}-2{g)} have been made. The reflecting cor-
ner, or 90° wedge which is formed with ai- * labeled ¢, ; 1n
Fig. 2\c;. The Jata at 644 MHz are concernec primanly w»ith
the cffects of vertical sheeis. particulariy the high ones. With
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L 25 cm, reflections from the corner c,., are expected to  The patterns of the cur 2s for L = — 1 and 0 cm are clearly

become relatively nsignificant with increasing L since the
corn:r is in the gzometrical optics shadow of the higher
sheets. At 644 MHz, an integral number {precisely four) air
wavelengths are contained radially within the circulary
bounded model lithosphere. Since the wavelength is much
longer than that used to obtain the results of Sec. 111, mea-
surements have been taken over 2 longer radial distance. In
presentin_ the data in Figs. 4 and $, a larger dB scale has
been used tc magnify wue standing-wave character of multi-
piy-reflected lateral waves.

At sheet heighis L =0, — 1, and 5 .m [configurations
of Fig. 2{c}-2(e}], traveling waves with a superimposed small
interference pattern are cbserved (Fig. 4). A comparison
with Fig. Al in the Appendix shows that tiey closely rzsem-
ble the dashed curve 3 in their interzodal spacing (4, = 46.6
cm) and decay rate, which is in ciose agreecment with Eq. {2).

| 1215 GH.:
€,:80,0;,:355/m

2:4<0005m
'\__M:OEOm

T ——
S ~—

‘—\—\_’—\ {0)
]_lOdB A S U

(b}

1€p!

I S (-
1 1 1 ! s 1 Lll

20 40 60 80 100
p 1N @

FIG. 3. E,, vsdistance in Region . (a) Measured, configuratiun 0" Fig. 2(ay;

{b) Measured, configuration of Fig (b}, (c] Theoretical (usiperturbed) Arbi-
trary relative amphtudes.
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interference patterns . ihe type shown in Fig. Al, cune 3,
due to reflections from the ceiling. The; are not standing-
wave patterns due to reflections of the radially dizected cy-
lindrical wave. The same 1s also true of tie soiud Line curve in
Fig. 4 which was observed with a cylindnical wall of height
L = 5cm above the surface at p = p, = 1.86 m. A compuri-
son with the broken-line carve in Fig. A3—which gives the
theoretical equivalent as a superposition of the direct lateral
wave, a lateral wave reflected from the cylindrical boundary,
and a plane wave reflected from the ceiling—is in good
agreement. The lateral-wave reflections at the 5-cm-high
metal wall are so small compared with the reflections from
the cetling that they produce only a mincr perturbation of
the typical interference pattern due to reflections from the

f=2644 MHz
€,,:80,01:355/m
z=9:=0005m
>\2= 046%m
....... L:"cm
----- L= Com

_ ——=L"5cm

a

w

20 40 60 80 i00 120 140
p tn CM

FIG. 4 E,, vs distance n Regior: 1. Measured, condigurauons of Fig 2y~
2(e). Arbatrary relative amplitudes.
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ceiling. This is true in both theoretical and measured curves.

The small undulations particularly evident at p~75-
125 cm in Fig. 4 are not present when |E,, | vs p is plotted on
a 2 dB per vertical increment scale for metal sheets higher
than L = 5.0 cm. The effect of the boundary at c,, is to
generate a cylindrical wave (much like that of a scattered
plane wave incident upon a Sommerfeld right-angle wedge).
This cylindrical wave occurs as an implicit contribution to
the net interference pattern at p~75-125 cm. The net pat-
tern is expected to be complicated for L small.

In Fig. 5(c) the counterpart of the L = 15-cm vertical
extension of Sec. Il is plotted. The configuration is that of
Fig. 2(f). Compared to the curve for L =5 cm in Fig. 4,
pronounced radial standing waves are now apparent. The
effects of reflections from the ceiling with their spacing near
A,==47 cm between maxima are overwhelmed by the much
larger reflections from the cylindrical boundary to form nor-
mal standing waves with 4,/2 spacing between adjacent
minima. In Fig. 5(a)is the quite similar curvefor L = 35 cm,
but with a much higher standing-wave ratio. As the sheet
attains such increased heights, its effects provide a closer and
closer approximation to an image plune. The specular-reflec-
tion result from an infinite vertical metal planeatp = 1.86 m
is shown in Fig. 5(b); it is obtained from Eq. (2} without the
last term (which contributes only at distances very close to
the source dipole). It is

E

1o

Wy etk,f?.#dl{etkzp[ﬁ_ﬁ__i__f_;_< 7 )1/2
27k 1

B
e~ :k,p(kg/zk%)g‘-(kzp’ kx)J

e PPl ki\kp

where p, =25, —p for the tank of radius p,, and
F (ky p, k) is given by Eq. (3). Of course, in the limit of pre-
cise adherence to image theory, the boundary sheet needs to
be infinite and planar, not finite and slightly curved Some
effects due to small reflections from the ceiling are evidert in
the relative magaitudes of successive maxima and minima in
the experimental curves [Figs. 5(a) and 5(c)] as compared
with the theoretical curve [Fig. 5(b)].

V. THEORY AND EXPERIMENT

The configurations of Figs. 2(a) and 2(b) wtth k, L. < 1
are accurate models of the half spaces depicted 1n Figs. 2(a)
and 2(b) in Ref. 7. The configurations of Fig. 2(b) with
k. L >1and 2(c}-2{g) have related, albeit more complica:ed,
theoretical formulations.

The magmitude of the perturbation due to the discont: .-
ity between Regions 1 and 3 where z> 0 [Fig. Z|a)] is. ac-
cording to the theory, very smail. The importance of this
calculation 1sints prediction of the relative scattering ability
of discontinuities above and below the z = Q plene of Fig.
2(a). For, if the radial reflection 1s of very small order, the

3930 J. Appi Phys., Vol. £5, No. 11, 1 June 1884
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oscillations measured in the £, pattern [Fig. 3(a)] must be
due to other sources, notably the reflections from the ceiling.
In wiew of the fact that the skin depth at 1.5 GHz is very

small at the surface of the vertical metallic layer of Region 3,
and the fact that energy is dissipated rapidly with distance

rom boundaries in Region 1, the effects of the finiteness of’
the model lithosphere in Region 1 for z> 0 are unlikely to
influence the E,, component significantly. In the absence of
low-conducivity discontinuities in the denser medium (the
presence of which is addressed in Ref. 1), the source of scat-
tering must lie in the upper (z < 0} half space. A tes* f the
relative scattering abilities may thus be made through a com-
parison of the effects of high-conductivity psrturbations for
bothz>0and z <O.

It 1s shown 1n Ref. 7 that the reflection from Regicn 3
{P>pss 2201 s very small even when this 1s a metal. It fol-
lows that the reflection from a vertical metal sheetatp = p,,
z>0 should hikewise te small. No significant change 1n the
measured field in Fig. 3(a) was preduced by such a sheet No
perturbative effects on the curve of Fig. 3(a) were observed
upon submersicn of an extensive array of conducting objects
in Region 1 (including plates, rods, and metal cylindersl.
Thus, 1t would appear that the very smali reflection predict-
ed theoretically from vertical discontinuities in i*e denser
half space is a general result for igh-conductivity obzects in
a half space 'Region 1) for which |k,{* » 1k,!°

The results of scattering from boundanes at p =p, .
z <0, asshown in Fi3. 2(b}, make it clear that sufficiently tail
metal objects 'n air have large reflection coefficients and are
therefore, strong generators of standing-wave patterns in
E,. Measured standing-wave patterns due to such refiectors
in the configurations of Figs. 2(e}-2(g) show them to produce
significant standing waves comparatle to those of more
cuanplicated structures in the half space z <0; those due to
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the configurations of Figs. 2(c) and 2(d) suggest that dense-
medium corners such as ¢,; may be comparable to short
conducting objects in the region z <0 in their ability o re-
flect incident lateral waves.

Vi. THC MEDIUM-SCATTERER COMPLEMENTARITY

In the first experimental basis' for formula (2) of the
present paper, low-conductivity (Styrofoam) discontinuities
in the dissipative medium of a pair of half spaces were shown
to cause significant reflections. In that study the reflections
were locahized to the vicimity of the rectilinear Styrofoam
depressions. In the present study, high-conductivity (metal-
lic) extenstons 1n air are shown to cause reflections. Here the
extensions are really total enclosures; the reflections are
more systemic (multiply reflected lateral waves). In the ear-
lier experiments, 1solated Styrofoam and plastic extensions
in air produced a negligible scattering pattern; indeed, much
of the experimental technique depended on this fact. In the
present study, highly conducting bodies of extensive size
with vertical boundaries in the dissipaiive half space are
shown to produce very small scattering. For either localized
or extensive scattering, the observations suggest that a sym-
metric role is played by the medium and the scatterer. Scat-
tering 1s maximized when a gh (lowj-conductivity discon-
tinuity penetrates a low (high)-conductivity half space.

Vil. CONCLUSION

In confirmation of theoretical predictions,” measured
scattering by objects of high conductivity in Region 2z <0)
1s significant. On the other hand, the scattered field from
such objects in Regton 1 (2> 0) is so small that it must be
inferred indirectly. Measurements show that, relative to re-
flections from ob:tacles in Region 2, the effects in Region 1
are very smsli, in ags i with theoretical calculations.
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APPENDIX: REFLECTIONS FROM THE CEILING

Measurements of the properties of lateral electromag-
netic waves in an indoor tank require an understanding of
the nature and magnitude of reflections not only from the
radial boundary o = p, = 1.86 mof the semicircular volume
of salt water, but also from the concrete ceiling at a height
D ~2.5-2.75 m and from four copper pipes just below it. Of
primary interest is the eftfect of such reflections on a simple
traveling lateral wave characterized in the water by

E,(p0,2)= - -2-—“"’“’_ g+ Dgkiof(k, p, k) = Be'”

Ry

where B is the magnitude, 6, the angle of E,,( p,0, z). In Eq.
{Al),

ik® K : k* 172
f(kzp,k|)=_2“—§'—i3"‘k_2(kﬁ )
P PP 1 \R2p

xe™ MGy p, by,
Flkapr ki) = (1/2) = Gy ka plk 3/2k )]
+i{(1/2) = S, [k plk3/2K)]). (A3)

Here C, and S, are Fresnel integrals. The direct-field terms
that involve %", r = [ p + (z — d *]*/%, have been omitted
in Eq. (A1} since they are negligible beyond a very short
distance from the source. Graphs of 20 log,|E,,( p,0, 2)! as
defined in Eq. {A1) are shown in solid lines in Fig. Al at
f=600MHzand in Fig. A2 atf= 1.5 GHz. For the calcula-
tions, o, = 3.5S/m and ¢,, = 80.

Also of interest in a tank of finite radial extension is the
effect of reflections from the ceiling on a sianding lateral
wave due to the interaction of reflections from the circular
boundary at p = p, = 1.86 m with the outward traveling
lateral wave from the source. Since these latter can be quite
small, they could have an amplitude comparable with or
even smaller than the amplitude of refiected waves incident
on the tank from the ceiling.

Let the ceiling be approximated initially by an infinite
highly conducting plane at the height D from the surface of
the water. The reflected field corresponds tc that of an image
source with reversed electric moment at the depth 4 in an
image tank of salt water at a distance 2D from: the actual
water. The radial ele ctric field on the surface of the water at
z = 0, above the point ( p,0, 2) where E ,P(p,O, z) 1s to be cal-
culated, is

(A2)

E(I-P(pyo»o) ~ = —g{‘lf_o_ e'k'de"\: "o Zlkl D
27k,

%

: Kk ik r,

W2 gkd € cos @,
2k, To

where r, = (p* + 4D ?%)"'? and O, is the angie of ircidence,

cos 8, = 2D /r,. The field transmitted into the water is

e %2k, cos €,

k,cos 6, + (k% - kZsin® B,)'?

(Ad)

- ip(p!09 2)~E‘;p(p,0,0)

{AS)
e k:  cos’ 6, e €
T T TAE KcosO 4k - "
ths Fo
=A4(6,)e° ‘—. (A6)

o
In Eq. {A6) use has been made of the inequality £ 3 < jk,;" to
simplify the reflection factor; 4 (8} is a real magniiude.
When the field 1n Eq. (A6) is combined with that in Eq.

(Ai)J (A1), the result is
ik r
|Eio(p)0,2) + E1,(p0, 2}{ = IBe'o’ 3 A (9,)e’9‘ e
i Iy
?_4 18' 2 172
= [Bz+—‘-—)£ces(k2r,_,+6‘ --98)-:--A (,6‘) . (A7)
r,, r(-;
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When 2D and, hence, r, are sufficiently large,
B2y A¥6,)/r} so that
IE (.0, 2) + E 5, .0, 2)|

4(6))

7o

This field has been evaluated at f=600 MHz with
2D =5.25m and d = z = 0.15 m. It is shown in dotted line
as curve 2 in Fig. Al. It represents the interference pattern
between a lateral wave traveling along the air-water bound-
ary and a singly reflected wave from a metal ceiling at the
distance D = 2.625 m. Actually, the field incident from the
irage source is largely reflected at the surface of the water so
that multiple reflections occur that involve the distances 27,
4r,, e1c. Since the first refiected field is quite small compared
with the lateral-wave field, the much smaller higher-order
reflections can be neglected in thic qualitative and semi-
quantitative study.

An interesting modification of the field reflected from
the ceiling is to assume it to be a normally incident plane
wave obtained from Eq. (A8) by setting 6, = 7/2 and
ro = 2D. When this is done, Eq. (A8) becomes

|E\, (0,0, 2) + E5,(p.0, 2)]
~B +(d /2D cos(2k, D + 6, — 65). (A9)

Thi« field is also shown graphically in Fig. Al by curve 3 in
dashed line. It resembles the curve obtatned with the dipole
image but the distance between successive maxima is 4,, the
wavelength 1n air, and not a distance greater than 4, that
increases with angle.

In order to investigace the effect of reflections from tiie
cetling on 2 standing-wave pattern of lateral waves, it 1s ne-

~B+

cos{k, ro + 8, — O5). (A8)

cessary to include a reflecting boundary that provides a radi-
ally inward traveling wave. This is most simply and accura-
tely done with a metal image plane at p = p,. This provides
an inward traveling wave along the radial line ¢ = 0 appar-
ently originating at an image dipole at (2p,,0, 2). The unit
dipole moment in the image is the negative of that in the
source. The field is given by

;p(p”(), z) = ﬁ'l_t%_ eklzr d)e‘kzpf(kz Pus kl)
2wk 3

= —Ce’, (A10)

where p, = 2p, — p. When Eq. (A10) is combined with Eq.
(A1), the magnitude of the resulting field is

lElp(p90’ Z) +E’l.p(pnov Z)l
= [B?*—~2BCcos(f — 6c) + C*]'%  (All)

When p, = 2p, — p is sufficiently large compared with p so
that B2 » C?, Ea. (A1) is approximated by

IE\,(p.0,2) + E,(p,,0, 2)|~B—Ccos(@; —0c). (Al2)

Calculations have been made from Eq. (A12)atf= 1.5GHz
for salt water with o, =3.5 S/m and €, = 80 so that
k,=289.8 +i71.2m™'and k, = 07 n.~'. Withp, = 1.86
m, the condition B? » C? is quite well satisfied in the range
p<1.0 m. Specifically at p = 0.1 m, C*/B* = 1.7x 107, at
p =1m,C*/B?* = 0.081. The graph of Eq. (A12)is shown in
broken line at tie top of Fig. A2 together with the solid-line
curve of B alone. The interaction of the two traveling waves
moving in opposite directions produces a typical standing-
wave paticin with successive maxima or minima separated
by the distance 4,/2. The standing-wave ratio (SWR, at

30
0,:358S/m k =129 4+164 im’
. . -1
€y =80 kg 4mm image dipole
t=6COMH2z 2:00035m salt woter
d=0007m i \\ ar
20 12D \-rf
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¢x 4 S &,
Fr o saltweter © F
- ung udrlcp!ole E‘P( p02)

10,
—— unit dipole source alone

IE,P(p.O.z)I n d8
{
A
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-2 unit source ond image 3ource

FIG Al Iaterference patterns due
to reflections from the ceiling and a
travehing laterat wave, f = 600 MHz
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\ ‘l\
\ N
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FIG A2 Standing wave and interference patterns due to reflections from a
metal plate at p = 1.86 m and from the ceiling: f= 15 GHz

p~0.5mis SWR~1.25, at p~0.9, SWR ~ 1.66.

The interaction of plane-wave reflections from the ceil-
ing with the incident lateral-wave field has been calculated at
1 5 GHz The resulting interference pattern is shown by the
broken-line graph at the center of Fig. A2. This is quite simi-
lar to the corresponding graph .n Fig. A1, but the amplitude
of the reflected field has been made relatively smailer by a
factor 1/2 That s, in Eq (A9) the amplitude of the incident
plane wave 1s taken to be 4 /4D instead of 4 /2D in order to
make 1t comparablie to the amplitude of the radially reflected
waves considered below. As before, the successive maxima
of the interference pattern are separated by a distance close
tC /.

When these refiections from the ceiling are combined
with the reflections from the metal wall at p = p,, the result-
ing field is

Ep0,2)+ E(p,,0,24 + E,(p0,2)

~B—Ccosifp — 8.) + (4 /2D)cos(2k, D + 6, — ;).
1A13)

This formula assumes that B> > C?, B> (4 /2D )?, and
B*» CA /2D.Calculationsfrom Eq.(A 13)(again withA /2D
replaced by 4 /4D ) at f = 1.5 GHz are shown by the broken-
line curve at the bottom of Fig. A2 The combined standing-
wave interference pattern is seen .0 have successive maxima
that ave separated by about 4,/2 as in the standing-wave
pattern at the top, but these maxima are alternately in-
creased and decreased by the reflected field from the ceiling
with 1ts interval between maxima near A,. The detailed na-
ture of this type of pattern necessarily depends on the rela-
tive magnitudes and phases of the lateral waves traveling in

3933 J. Appl. Phys., Vol. 55, No. 11, 1 June 1984
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FiG A3 Superpositicn of incident lateral wave, lateral wave refiected from
vertical metal wall of height L, and plane wave reflected from ceiling,
f=600MHz

the horizontal direction and the waves reflected from the
ceiling and traveling in the vertical direction. Either of these
can dominate if its amplitude 1s significantly greater than the
amplitude of the other with corresponding potentially very
large differences in the shape of the standing wave and inter-
ference pattern.

An interesting second application of Eq. (A13) 1s to the
reflections from a cylindrical metal wall of height L above
the surface for which measurements are reported in Fig. 4 at
f= 644 MHz and aralytically determined graphs are in Fig.
9 of Ref. 7 for £ = 600 MHz. Both graphs apply to a cylindni-
cal Region 1 of radius p, = 1.86 m contamning salt water
with o, = 3.5 S/m and €,, = 80. When Eq. (A13)1s applied
to the standing-wave data shown in Fig. 9 of Ref. 7at f = 600
MH: and with 2D = 5.25 m, the broken-line graph n Fig.
A3 is obtamed. The plane wave from the ceiling clearly
dominzces with only smali variations due to the reflections
from the cylindrical metal wall of height L =32 cm at p,

= 1.86 m.
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Lateral Waves Near the Air-Sea Boundary
and Atmospheric Noise
) T. oeBETTENCOURT

Considenng attenuated atmosnheric radio noise useful <ignal-
to-nouse ratos are obtained with lateral weres between submerged
horizontal dipoles for an air-sea model

1 INTRODUCTION

Lateral eleciromagnetic waves traveling along the air-sea surface
have been <xamined in [1] for use as a means of communication
with submarines using 3 vanety of antennas Here we consid-  the
case for antennas that are honzontaily polanized, immerse . «n the
sea. and radially disposed, see Fig 1(a) This s * suse, beyond
the near field and in the direction ¢ = O alongthe a  nna axis, the
radiai component £, 0 2 ovlndncal coordinate svstem (p, o, 2) ts
the strongest The subscapt 1 pertains to the sea (Region 1) and
sub npt 2 to the air (Region 2) Dipole depths are d and z for the
tie ituing ana receiving dipoles respectively A simple but accu-
fae formula for £, has been descrived n [2] along with ats
denvation and significance Numerous computatrons have been
carried out and the relevant curves plotted Rather long ranges are
indicated from the standpoint of useful field strengths in the
MF-HF region However since in the spectrum of trequencies
below "0 MHz or 50. atmospheric noise may be a himutation, it 1
expediento examine some aspects of this question

0 ATMOSPHERIC NOISE

C* the vanous components of noise external to a receiver the
most important source 1s that due to thunderstorm activity 1n the
MF-HF part of the spectrum (Man-made noise tor other mse quiet

Manuscript received August 3 1983 revised March 17 1984 Thas
research was supported n part by the Office ot Naval Research under
Contract N00014-79-C-0419 with Harvard University

The author is with the Goraon McKay Laboratory. Harvard University
Cambridge, MA 02138, USA

d TR TR T ~3

recewving sites 1s neglecied.) Such atmospheric nose 15 statistically
quite vanable, depending upon the location on the earth, ume of
day, season of the year, and frequency.' These dependencies have
been studied for years and charts have been prepared to show
vanations. The charts are found in publications such as CCIR Report
No. 322 {3].

What is plotted in the charts is the value of the median external

tmosphenc noise factor £, versus frequency for given 4-h time

blocks for the different seasons. This factor 1s determined from
noise voltages induced in loops (usually) or vertical whip antennas
The noise field behavior is assumed in the theory (0 be {hat of a
surface wave near the receiver The theory has been treated, for
example, in [4] Here, the overburden will be replaced by the sea,
the geometry 1s shown in Fig. 1(b)

The atmospheric notse fields are essentially vertically polarnized in
Fig 1(b) with the verical electric field strength £, = {£7] at the
surface related to the external noise factor f,,, as foilows

£ = 16084 F, kT8 Q0

where By = 27/A,. Ag 15 the wavelength in aw, & 1s Boltzmarn's
constant, T s the absolute temperature, and 8 1s the recever noise
bandwidth In the MKS system, £, 1s 1n volts/meter or in decibels

E,(dB > 1pv/m) = —12556 + £,,(dB)
+ 20!03!0 kaz + 10!03'3 BLMz (2)

where the rms value of £, 15 used and the subscript on f and 8
means frequencies tn kilohertz Night-time summer noise fields are
targest in the northern hemisphere n general

Il THEORY Of NOtSE ATTENUATION

Refernng to Fig 1(b) there 15 in the ar a smali honizontal noise
component of the glectnc field, £3,,. in additiun to the verticai one
€3, The wave tit for noise fields 1s defined at the surface in air at
P, as follows

Ea” 11 1
W, = .Fzﬁ =l -|__T_‘ )
2v 12 .(i") ‘

where N, is the refractive index of water reiative 10 air and €, i
the complex relative dielectnic constant &, = ¢.,(1 — jp,) with p, =
a.swe, the loss tangent and o, the conductivity in siemens, meter

There 1s a similar wave ult at the point P, at the depth z :n the
water

Enl”
W, "lr' =No=(&,) )

Thes -elations assume that Ny, s large compared with umity
which s true for sea water with real selative dielectric constant
¢, = 80 and loss tangent p, = 60a.A,, €., It 15 also assumed tnat
atmosphenc noise in a gwven time block s ommdirectional 1n
azimuth It follows that

7 1 .
—_— o —— ())
4 INGE &

At 2= 0, £, = £,, by continuity Thus the honzontal «omponent
mn air, €3, 15 smaller than the veruical component £7, but n water
the honzontal component £, far exceeds the vertical com, onent
£

'As 2 first approximation such noise 15 azimuthall nondirectionat
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Fig. 1. Signal and atmosphenc noise at subsurface pont P, (a) Signal electncal field £, at
A (p.¢.2) due to HED at P (0 0,d) in sea water (b) Atmospheric radio noise £7 at A, on surface

attenuated to £7 at A, 1n sea at depth z
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fig. 2. Llateral waves and atmosphen¢ noise

Because of the interest in the radial component {£, | of the lateral
wave, i 1s appropriate to concentrate on the honzontal component
of noise in the water in the antenna direction Since both the lateral
wave £, and the honizontal ncise |£3,) decay exponentiaily with
depth, the signal-to-noise ratio (5/N) at the receiver 15 determined
at the surface, down to depths where the external atmospheric
noise has been attenuated 10 the level of the internal noise o1 the
recewer

The honzontal noise level, from (3), has a field strength

IE5n] = 1€3./Nag) = |EZ,INE, ' (6)
But for sea water at MF-HF, the loss tangent p, is large so that
G =&, (1 = ypy) = —600r, )

122¢

O ~—r——rrrry

LML I R

A — Norse Bor dwidtn 110Kz
Seo Lot b Sormmer Time Block
Woter  Wove (2000-2400) Plemde

1]
d8sv/m

148+ 10051000« 10°Am
dr . s0I5m

Fig. 3 Lateral waves and atmospheric nowse

IV CALCULATIONS

Calculations have been made for sea water (¢, = 8),0, = 4 5/m)
The vertical noise s for the worst tune cunditions of summer-time,
time block (2000-2400) for Eastern U S A. 1t 40° N lanitude, t tvpis,
results The values of 7,,, have been corverted nto £, = ;]
according to (1) and (2), they are plotted in Fig 2 as the uppermost
curve The horizontal component at the surface in air or 1n the
water 15 the next lower dashed curve, [EJ] = |€1,lnone THE lOWeS!
dashed curve 1s the vertical component |£,,] = [£,) 1n the water
only The noice bandwidth is assumed to be 10 Hz, and z = 0

The solid curves for £, are the field strengths of the |£.}
component of the lateral-wave field generated by an infinitesimal
horizontal electn: dipole with unit moment in the sea as calculated
from a recently derved simple formula by Wi and King [2] 1 st s
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fig. 4. Sigral-to-rouce ratio, lateral waves nea- air--sea boundarv

possihle to eahance the unit dipele momeni (1A¢=1 A-m) 10 a
more practical value, then useful values of 5/N wll result A typicus
lateral-wave system could consist of 14 ¢~ 100 X 1000 = 10°A m
The curves for £, 1n Fig 2 would, 1n the: case ke raised 100 of
This result 1s shownin Fig 3 Thus at a frequency 25 high as 1 MHz,
useful S/N ratios would result

The resulting signal-to-noise ratios have been plottea as ruine-
tions of the radial range p i Fig 4 Even more opt:mistic values
would obtan at f= 10" Hz (not skown) since there 15 an optimum
at that frequency for the lateral aave

Vv CONCLusION

Useful agnal-icenoise ratios are obtainable with lateral v.aves
between submerged honizontal dipc'es for an air-sea model These
results nfer useful commun.cation o submannes using lateral
waves hmited by attenuated atmasphenc noise for shalfow depths
for greater depths 1ower frequenc.es should give more optimum
signal-to-noise ratios, th.s wilt be reported on in a future papes
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Lateral Electromagnetic Waves Along
Plane Boundaries: A Summarizing

Approach

RONOLD W. P. KING, LIFE FELLOW, 1EEE, AND MICHAEL FRANKiIN BROWN

Lateral electromagnetic waves along a plane boundary between
homogeneous half-spaces are reviewed The electromagnetic fields
generated by vertical and honizontal el~ctrc dipoles near the
boundary between air and the earth (salt or fresh water, soil ice
etc ) are summarized in terms ot a new umtied theory of lateral-wave
propagation Complete theoretically, determuned teids are dis
olayed and compared v.ith measured fields at f = 600 ViAz relative
to the boundary between air and sait water (o = 35 5/m ¢, = 80)
Near intermediate and asymptotic finlds are related graphicalhy to
the new general theors and to the approximate and re<incted
tormulas ot Norton and Banos as well as t7 the Zrnneck wave
Application 1s made to the spedific problem of communication with
submerged submarnines by means of transmutters consisting of elec-
trically short monopoles in arr and horizontal traveling-wave anter-
nas and directional arravs n se: water The properties of the
antenngs are evaluatea in the frequency range 10 < 1 < 30 kHz
which 1s optimum tor receiver depths near 10 m and at f = 1 kH~
which is optimum for depth< up 1o 50 m The effects of reflections
from the ronosphere and ot the earth’s cunature are not included

I INTRODUCTION

The propagation of electromagnetic waves in the pres-
ence of a boundary between two quite different matenals
ke air and earth (salt and fresh water, soil, sand 1ce etc)
has been of long-standing interest 1 classical electromag-
netism It has apphication n all radio communication be-
tween points near the surface of the earth and this is true
whether the transmitting and recetving antennas are both 1n
the air (broadcast radio), both in the earth (communication
between tunnels, mine shafts, submarines), or one s In
eacn medium (communication with submarines) It under-
hies geophysical exploration by means of electromagnetic
waves generated and received by antennas on the surface
of the earth, or on the floor of the ocean

A Surface Waves, Zenneck Waves

Surface waves along cylindnical conductors of infinite
length in arr were analyzed by Sommerfeld 1in 1899 [i]
Inside the cylinder the field 1s distributed in the well-known
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manner commonly referred (0 as skin effect Qutside the
conductor ihe electrnic field 1s elliptically poiarized with a
large radial and small axiai component in the direction of
propagation The two components are not in phase The
analogous phenomenon for a plane suriace was discussed
by Zenneck 1n 1907 {2] and related to the propagation of
radio waves over the surface of the earnth With the ex-
istence and significance of the tonosphere stil unknown
Zenneck sought to explain the long-distance propagation uf
radio waves in terms of a surface wave that decays less
rapidly than the famihar 1/r decrease for space waves The
properties of radial cyhindrical surface waves (Zenneck
waves) as possible solutionis of Maxwell’'s equations are
well descnibed by Barlow and Culien [3] Thev give formuias
for the field along the boundary between a conducting or
dielectnic half-space (Region 1, z > 0, g,, ¢.) with complex
wavenumber k, = B, + 1a. = k.(¢,, + 16. /we-)  and arr
(Region 2, z £ 0) with wavenumber K, = w(u-€-)" The

time dependence 15 "' = ¢/“' If the condition
|k’ > k3 or ki > 9k, (1)

15 imposed, the following considerably simplified formulas
(which serve present purposes) are obtained in the ¢ylindni-
cal coordinates p. ¢,z

In Region 1

Bis = poA€ “H" (k1p)
£y = —{w/k.) B,
tapak

N ko2 (%)
o Ae™H (K,p) (2)

£, =

In Region 2

By = moAe™ M/ RHI (K, p)
Eyp = —(w/ki) B

WL ; \
A Y (ki) (3)

EZI =
where the H's are Fankel functions and A 1s an amplitude
that depends on the nature of an unspecified source at the
onigin Note that the lieid decays exponentially as exp( — a.z)
in the conducting or dielectric half-space, more slowly as
exp[~a.(k3/1k}?)z]) in the air Clearly, it 15 bound quite
closely to a region on each side of the surface . = 0 When
A>p 2 10, the asymptotic forms of the Hankel functiors are
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good approximations, i.e.,
HE) (ko) ~ (2/mk;p)"" exp[i(kop = 7/4)]

HO (kr9) ~ (2/kz0)" exp [i(kop = 37/4)].

1t follows that ‘~hen k,p > 10, the entire surface-wave field
decreases as p~ /2 with increasing radial distance p This is
the essential characteristic of the Zenneck wave.

In 1209, Sommerfeld (4] determined the complete elec-
tromagnetic field of 2 vertical dipole on the surface or the
earth and verified trat his complicated general soiution
actually contained the surface-wave term with its p~'/? rate
of decrease. This seemed to confirm the possibility of
attributing long-distance radio transmission to the Zenneck
surface wave. However, no fater than 1935 Sommerfeld (5]
in a re-examinatton of his theory conc' 'ded that the
surface-wave term could not be separated from the other
terms in the complete solution for the field of the vertical
dipole. He also stated that there were no possible circum-
stances under which the Zennech surface wave could exist
alone or even form the pnncipal part of the complete
representation of the outward traveling waves from the
dipole Nevertheless, the existence or nonexistence of the
Zenneck surface wave continued as the controversial sub-
ject of a long series of papers Since the details are ably
summarized by Barios [6), they are not repeated here Use-
ful discussions are in Hill and Wait {7} and Wait and Hill {8)

B Surface Waves in the Field of a Vertical Dipole on the
Earth, The Formula of Norton

Even though the surface-wave term in th¢ formula for the
fieid of a vertical electric chpole over the earth has no
application to phenomena now attnbuted to retlections
irom the 1onosphere it 1s nevertheless a significant term in
the radigtion field This arises from the fact that the field in
the absence of the surface-wave term vanithes along the
surface of the earth, 1e when & = #./2 19] This 15 readils
understood frem the formula tor the field of an electncaliv
short vertical dipole with unit electric moment (JAZ=1
A m}at a haight d over the earth [Fig i(a)] Itis

Eaptpmizi)
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Fig. 1. (3) Vertical dipole with umit electnc moment (1A¢=
1 A m) at height d over earth (b) Unit vertical dipole at
surface, unit honzontal dipole at depth d
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iwuo ékl’

o= A(B)sin® (4)

EZG == -
where 8 ic measured from the vertical axis and
Ae(s) = e thydcos® fe,ékzdcme (5)

is the field factor The plane-wave reflection coefficient
for = 1o lexp(rd,,) 1s defined as follows in terms of the
square of the complex index of refraction, N? = (k,/k,)’ =
§/€;, = ¢, + 10, /we,

, _ Cos8 - A(8) (6a)
‘o T cos® + A(B) 2

where A(B) 1s the normahzed surface impedance defined
by

A(B)=Z8)/t = (N - sin’8)? /N2,

to = (ro/t)""  (6b)

At normal inadence 8 =0 and Z,(0) = Z, = wuy/k, =
(ko/€)' ¢ The magniude of f,, has values near 1 when
0 = 0 and 7/2 and has a deep minimum between 0 and
7/2 at the Brewster angle Graphs of {f,1and 4., are shown
in Fig 2(a) and (b) for a range of values of N” appropriate to
earth and water Tne field factor A (8}sin® 15 shown in
Fig 3 for a dipole on the earth (d =- 0) it 1s seen that the
field has a maximum between 8 = 60° and 90°, depending
on the value of N, but vamishes at 8 = 7 /2 for all N except
N = 1¢, the value for a perfect conductor for which the
maximum occurs at 8 = 7/2 It s virtuaily /2 for a metal
surface The corresponding field patterns for a quarter-wave
monopoie on the earth are shown in fig 4 They are seen
to vamsh at 8 = 7/2 except when the earth is replaced by
a pertect conductor Note that the larger N the closer to
8 = /2 15 the maximum i the field pattern and the
steeper 15 the drop to zero at 8 = 7,2 This means that a
receiving anienna located at a sufficient height can experi-
ence a near-maximum field Actually, the field at 8 = 7,2
15 n¢ zero as indicated by the space-wave terms but s
determined by a suriace-wave term which must be added
to (4) Itis significant only when € s near or at /2

in order to make Sommerfeld's complicated soluticn with
its complex tegrals convenient for engineerning use, Not-
ton [10] in 1936, and with the help of expressions for the
ground-wave potential due to van der Pol and Niessen {11]
and the electnic fieid due to Wise [12], reduced the surface-
wave term to simple formulas and graphs These involved
approximations that restricted their ranges of validity He
then compared the fields obtained from them with avail-
able experimental results in order to determine these ranges
He was careful to point out that “when the theory 1s used
‘0 predict the field intensity in other frequency and dis
tance ranges than those for which it has been checked
there s the possibility of error due to leaving out some
factor which becomes important in these new situations
A useful discussion and correction of Norton’s work 15 i a
paper by R J King {13}

Norton’s surface-wave term in the field of a unit (JAZ=1
A - m) electric dipole in Region 2 (atr) on the boundary
(d = 0) with Region 1 (varthj is [Fig 1(b)}

1, et
£.(p.0) = 2—;7& (7)
where
Fo=1+1(mp)“e P [1 = erf (= 1p7?)] (8)
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Fig. 2. Reflection coefficients f,, and £, (1) €, = 10 (b) ¢, = 80 Note that j = -

and the nuivernical dista ce 1s defined by

p = ple® = tk,p(k3/2k?) 9)
The error function is

z
erf(z) = —1; e~ "dt (10)
0
Norton provided graphs and tables of £, as a function of the
magnitude and argumen of the so-calted numencal dis-
tance p Thew quantitative sigmificance 1s considered later
A useful alternative form of (7) 1s in terms of the Fresnel
integral
dl
C(z2) + 15(2) = fo PEmRVE dt (1)

with i, (7) becomes
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M =2& ko
.’z(p'o) om el

o2 1,2
[L - .K_’(_E-) e"“‘?"“‘}/?“‘z’}'(k;p,k,)}
(12)
with
1 ) oy
F(kyp, ky) = ’2'(1 +1) - Cz[kzP(k§/2k3)]

=15, [ k(K3 72k3)] (13)
The leading term for very large values of k,p. 1e. when
kop > mlki/k3l, 1s

p
E.(0.0)~ — 55— (14)
) P
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(15)

The Zenneck surface wave 1s exphatly contained 1n (15)
where 1t 1s the second term which vanies with distance as
p~ /% Howevel, as predicted by Sommerfeld, it 15 not the
donunant term since it 1s multiplied by the small facter
k,/k, As p increases, the vald range of (15) 1s passed and
(12) must be used Finally, for sufficiently large p where it
might be expected that the p~'” term would dominate
over the p ~ term, the Fresnel integral contributes major
factors such that the p ' term 1s canceled exactly and the

598

Field factors of vertical elecuic and magnetic dipoles on conducting earth, d = 0

p~ ' term becomes a p~° term as in (14) Thus the Zen-
neck surface wave, while present formaliy, 15 only a rela-
tvely small part of the complete surface wave

The problem treated by Sommerfeld "nd evaluated by
Norton concerned propagation over a plane et An ex-
tension of this work to the sphencal earth is contained in 4
treatise by Bremmer {14} and in a recent paper by Hill and
Wait (15].

C Approxtmate Formulas, Numerical Results

Foilcwing the work of Noston, which addressed prinianls
the problem of surface-wave communication between
vertical antennas .n the air on the surface of the earth,
interest turned to the problem of communicating with
submanines Extensive studies were carned out relating
especiall, to the electromagnetic fields generated by hor
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Fig. 4. Vertical field paltern of A/4 monopole on a conducting ~arth or water Note that
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zontal and veitical eleztnic and magnetic dipoles in the sea.
This work sncluded an extensive senies of papers by Wait
{16} avi reports by Barios and Wesley which culrminated tn
the exhaustive book by &adoes (6] 1n 1966 'n this, the entire
problem 15 reformulated, genzral integrals «re obtained for
the potential functions and expressions for the camponents
of the electromagnetic field 1n both regionz. These are then
simplified to obtan sets of illuminating approximate foc-
mulas valid in restricted nonoverlapping ranges of the van-
ables and paraneters referred to as the asymptotic, inter-
mediate, and neas-field ranges. They are defined as follows.

aear field kyp <1 <[ksp|
los (k3/2:3)1 <1 < &kzp

1 < ke (&372K3)1. (16)

intermediate fied
asymptotic field

Extensive graphs of the components of the electric field of a

honizontal electric dipole as calculateu from Bados’ ap-

\ proximate formulas are in King and Smith [17] for wide
ranges of the matenal parameters, the frequency, and radial

distancz. Their quantitative significance is <ansidered later.

Electromagnetic waves are nighly attenuated in sea water

except at very low frequencies, for which practical distances

are in the near field. Accordingly, the problem of com-

municating with submarinas was studied primarily in terms
of near-field or quasi-static formulas {17},

When high-speed computers berame availabie, attention
was directed to the numerical evajuation of the Sommer-
feld integrals [19)~[22] and criensive systematic calculations
were made of the fields of Lorizontal eleciric dipoles in
air-boundec media ranging from sea water to dry earth over
a wide range of frequencies [23]-123], [17, ch, 11), and in
rock-bounded sea water {2C). These have been compared
with calculations from Barios’ approximate formulas {17, ch
11]. Extensive measurements of efectromagnetic fields due
to antennas in sea water [27) and lake waters [28) have been
made and compared with the appropriate numerical results
and with Barios’ approximate formulas.

I5. A Nzw REPRESENTATION OF AN OLD THEORY

Altkioygh the electromagnetic fields generated by vertical
and horizontet dipoles abov2 and below the boundary
between two quite different muterial media have been
furmally available in terms > general integ:als for many
years, & clear understanding of their characteristics, similari-
ties, and differences has been difficult to ohtain because of
the complexity of the formulas. Following Sommerfeld,
these nave, in general, been expressed in terms of deriva-
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tives of the Hertz potentials. A somewhat different insight
is obtained from the explicit integrals for the components
of the electric and magnetic fields. For the horizontal elec-
tric dipole these are given in [17, pp. 617, 618); for the
vertical eiectric dipole in {29, egs. (26)-(31)]. An example of
the type of integral involved is the radial component of the
electric field at a depth z in Region 1 (earth) of a horizontal

unit 2lectric dipole (JAZ=1 A - m) located at the depth @

also in Region 1 [Fig. 1(b))

0

F(kpp k) = 500 + 1) = Gy kap (Ki/268)]
= iS[ kyp(k3/261))] (22)
Co(u} + iS{(u) = f(z t)" et (23)

K= ofpg(q +in/w) K= wlpt. (24)

{ 1 {(K(0) ~(2/2) b(2p) = (Ap)}} vi Te™<= M oA

+ jo ‘{(110/2)[16(») - h(3e)] = (KiP/21){b(Ae} + h(R0)]} er~#Ac) (17)

where, with gy =g =po, P=(y, = 1)/(1;+ 1), Q=
(k2y, = K30 /(K3y; + ki), v =~ k2 = N The location of
the dipole at (0,0,d) and the point (p,$.2), where E,, is
evaluated, are shown in Fig. 5. The formulas for the other

Regon @ o1, ¢,2¢4, 0,10, x4,

TTITTINRILYY Crorced Chagreonr &L
s A -
g M -~

19 - o ~——— (-]
P "/9 r e s
y” o t
I A!:I el :
: £ -
R I PY
: Region i 1plf
GGy

fig. 5. Radial component of electnc field at (p.¢.2) due to
x-directed dipole at (0.0, d).

frive components cf the electroamagne tic field are similae, as
are the formulas for the three comgonents of the rota-
tionally symmeetnic field of a vertica: dipole at (0.0, d.

A. New Simple Formulas

A careful study of all of the general integrals in the light
of the known properties of the field from numencal calcu-
lations, approxsimate formulas, and measurements has shown
that they can be evaluated in closed form subject to quite
simple and readily satisfied conditions. They are

lkl23k, p25d p=25z |kol23. (38)

With (18), the surface-wave parts of the three components
of the electromagnetic field of the verucal electnic dipole
[29] and of all s:x components of the fieid of the honzontal
electnc dipole [30]-[32] can be expressed in terms of the
following radial functions:

ik, 1 K a )\ -k yp(kd/2k)
f(kap K |)"“_-;‘2"",7<'_'(7(‘;;) ™'t
'?(k;p kl) (19)
g(kap, ky) = f(kap, ky) “k_' (20
2P
2, 2 ik%( 7 |2 :
h(kyp ki) = = + ——— + 4| - = tkyo(x1/2K)
(kzp. ko) Pt kgt ke kzp) ¢
F(kyp. k;) @)
where
€00

Note that when kip 2 3, glkap.k;) ~ f(kyp.k)) since
li/k .’} is then negligible compared to
1
P
Note also that when k,p > |&1/k3§

f(kop ki) ~ glhp,k)) = ~ki/kip (25

since
(Ki/kY(=/kp) P exp [ =ikyp (k263 )] F (kp.k )
— (ik_/p) = (ki/k:p)

Similarly

h(k.p.k\) ~1/¢. (26)

When the source dipole 15 iocated at depth d 0 Region 1
(earth, water, etc.), each component of the electromagnetic
field vo.:5i5t5 of two distinct paris. The distinguishing fea-
ture of the terms in the two parts are the factors exp(ik.r)
and exp(ik,p). Each term associated with the direct field
includes an exponentiai factor with the wavenumber k =
B. + 1a, and, thetefore, the attenuation factor exp( - a.r)
Each term associated with the lateral-wave field incluges
the factor exp(ik,p). For all practically available matenals
that form the surface of the earth, the attenuation constant
a, is significant and the direct field decays rapidly with
distance. Only quite close to the source is the magnitude of
the direct field comparable with that of the lateral-wave
field. Here it can produce an interference pattern. This is
observable for low-conductivity lake water and for sait
water at very high irequencies. Formulas that include the
direct field of each component are given in {29)-{32). They
will be indicated only by a letter D and not wntten ex-
plicitly since they are of no significance in even short-dis-
tance propagation over the earth. When the source 1s on
the surface in Region 2 (air), there is no direct field; the
lateral field is the entire field.

The three components of the rotationally symmetric elec-
tromagnetic field of a vertical electric dipole in Region 2 on
the surface and in Region 1 at any depth d > 0 are iven in
Table 1. The six components of the fieid of a horizontal
electric dipole at depth d > 0 in Region 1 are listed in Table
2. These latter are convemiently separated into a field of
efectric type consisting of £, £, and 8, with an anguldr
dependence cos¢ and a fueld of magnetic type that in-
cludes B,, B,, and £, with an angular dependence sin ¢.
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Table1 Electromagnetic Field of a Vertical Electnc Dipole with Unit Moment (JA¢= 1A - m)
On or Below the Surface Between Region 1 (2 > 0, Earth, Water, etc.)
. and Region2(2 £ 0, Airy A = wpg/37

Component of Dipole in Region Z at (2,0.0), Dipole in Region 7 a1 (0,0, d).
the Field i.e., on Surface i.e,atdepth o
Eu(p.2) ~AKT (kg k)R = AKTKT(Kyp, ke etz + d) + Dy
Eu(p.2) Akokyp(kqp, kyyetePe AKIKT ‘gl op, k)@t ogh? = £ Dy,
B.(p.2) kw6 (p.2) —Aw~ %3k 2 (kap, k) et Pt P 1 D8
£25(2.0) £,{p.0) {i.(p. Q)
Ex{p.0) K3k3 2 y(p.0) Kiky*Ey(p.0)
Bre(p.0) By4(p.0) Bry(p.0)

Table2 Electromagnenic Field of a Honzontal Electnic Dipole with Uit Moment (JA¢= 1A - m)
On or Below the Surface Between Region 1 (2 > 0 Earth Water, elc.)
and Region2{z2 € 0, Atr}, A = wp-/2n

Component of Dipol«n Region 1 a1 (0 O d),

the Fietd 1e,atdepth d

E lp ¢.2) - AL kIg(R_p hye'fet T Pcgss ~ Dfy

Efp o2 AKRIH(E p het fet D oss - DNy
Bilp ¢.2) -Aw hAgth p k)t ot Dego = OF,
8.,(p ¢.2) —Aw hAT Bk ket ot Dyng - DF

) . "‘. 3 3 kipghized) »
By(o ¢.2) e B N e el L4 sing ~ Dy,
P P kip

Eolp .2 Ak L Th(k,p. kyet#ehe Dane + D
fu(p.¢.0) Ela(p-¢-o)
E2(6.$.0) kiky 2€x(p.$.0)
Bys(p.¢.0) B814(p.9.0)
By,(p.$.0) By(p.9.0)
BZI(P'¢'O) B|’(p,¢,0)
EZ‘(pr¢;0) E;,(p.q‘:,O)

All six components of the field of a horizontal electric agreement over the entire range permitted by the cond-

dipole as corputed from the new formulas (that are ex- tions (18). The formula for each component 1s continuous
pressed only in terms of simple functions and Fresnel in- and agrees with the asymptotic, intermediate, and near-tieid
tegrals) have been compared with corresponding numerical formulas of Barios [6] in the ranges where the latter are
evaluations of the general integrals [30}~[32] with excellent good approx mations. Since the complete new formulas
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incluce the direct field, interference patterns between tﬁg

surface-wave field and the direct field are observed. These
occur only very near the scurce unless the conductivity of
Region 1 is quite low. Extensive.graphs of such patterns are
in [30].

B. The Felds of Vertical and Horizontal Unit Dipoles for
the Air-Sea Water Boundary at f = 600 MHz

in order to present a complete picture of the properties
of the components of the electromagnetic field of vertical
and horizontal dipoles and compare them with fields mea-
sured in 2 model tank, the frequency 7= 600 MHz was
chosen with Region 1 salt water (g, = 35 S/m, ¢, = 80,
ky = By + ia, = 1294 + i64.1 = 144.4¢°* m~") and Re-
gion 2 air (k, = 47 m™"). Graphs of the magnitudes of the
components of the electric field computed from the for-
mulas in the first column of Table 1 for the vertical dipole
in air and from Table 2 for the horizontal dipole in salt
water are shown in Fig. 6. For the horizental dipole, the
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Fig. 6. Components of electnic field £(p, z) of unit vertical
electric dipole (1A¢= 1 A - m) in ait (Region 2, 2 < 0), and
E(p.®.2) of unit honzontal electnc dipole in sea water
(Region 1, z > 0) near the surface (z ~ 0). [Subscript nota-
tion: first. field in Region 1 or 2; second, component of field;
third, source dipole in Region 1 or 2, fourth, vertical or
honzontal dipole.)]

complete field including contnibutions from the direct-field
terms are shown; also shown are the parts due to only the
lateral-wave terms. Small interference patterns occur where
the magmtudes of the direct and surface waves are com-
parable. No grephs are shown for the vertical dipole when
115 1n salt water since (as is readily verified from Table 1)
the fields in thus case are insignificant compared to the
fields of the same dipole in air because of the very small
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fig. 7. Components of magnetic freld H(p.z) of unit vert
cal electaic dipole 1n air and H(p.o.z) of unit honzontal
electnic dipole in sea water

factor (ks /k ). For the case at hand, Ik 1/ki| = 00076 or

20log;olk3/ki| = —42.4 dB. Graphs of the components of
the magnetic field are shown in Fig. 7. On the graphs, the
elecirical distances {kypi=3, k,p =1, and k.p =k /ksl|
are indicated. Note that |k,p] 2 3 (p > 2 cm) is the range of
accuracy of the formulas for the fields. A,p = 1 (p = 8 cm)
is the boundary between the near and intermediate ranges,
and k,p = [ki/k3| (p = 10.5 m) 15 the boundary between
the intermediate and asymptotic fields. It 1s seen that the
direct field is generally significant only 1n the near field, 1.e.,
when k,p < 1,0rp < 8cm at f= 600 MHz.

Curve (D) in Fig. 6 is the vertical electric field ir ar on
the surface at {p,0) due tc a vertical electric dipoie in air
and on the surface at (0,0). it is denoted by |£,,(p.0}|,,
where the first subscripts indicate the z-component in
Region 2 and the second pair of subscripts indicates a
vertical dipole in Region 2 also on the surface The crosses
along the curve were obtained from Norton’s “ground-wave
term” (7) using his tabulation of the function £, defined in
(8). The associated radial component is represented by
curve @ + . It is smaller than the z-component by the

factor k./k,. Curve @ + @ is reproduced in Fig. 8

togethe: with the magnitudes of the separate parts of the
formula. These include the term Bexp(ik,p) [(ik:/p) —
1/p%) which is dominated by 1/p* when p is small, by 1/p
when p is large. Also included is the Fresnel integral term
|BF] which conforms precisely to the Zenneck wave when
p <1 m. When p > 30 m, the Fresnel integral term has the
asymptotic form given following (25). This includes a 1/p
term that cancels the 1/p term in [8P| and a term kZ/k3p*
which determines the asymptotic field. The two vertical
lines kyp = 1 and kyp = |k, /k,|? are also shown. These are
the approximate demarcation lines of the near field [k,p <
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